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Abstract. We consider operator-valued Herglotz functions and their appli- 
cations to self-adjoint perturbations of self-adjoint operators and self-adjoint 
extensions of densely defined closed symmetric operators. Our applications in- 
clude model operators for both situations, linear fractional transformations for 
Herglotz operators, results on Friedrichs and Krein extensions, and realization 
theorems for classes of Herglotz operators. Moreover, we study the concrete 
case of Schrodinger operators on a half-line and provide two illustrations of 
Livsic's result |44| on quasi-hermitian extensions in the special case of densely 
defined symmetric operators with deficiency indices (1,1). 



1. Introduction 

The principal purpose of this paper is to extend some of our recent resuhs on 
matrix- valued Herglotz functions in pof to the infinite-dimensional context. 

Given a complex Hilbert space /C, a map M : C_|_ B{IC) is called a /C-valued 
Herglotz function (or simply a Herglotz operator) if M is analytic on C+ and 
lm{M{z)) > for all z G C+. (We refer to the end of this introduction for a 
glossary on the notation used in this paper.) B(/C)-valued Herglotz functions admit 
the celebrated Nevanlinna-Riesz-Herglotz representation studied, for instance, by 
Brodskii Sect. 1.4, Krein and Ovcharenko [|^, Q, and Shmulyan [|2) in the 
infinite-dimensional context. 



M{z)=C + Dz+ dn{X){{X-z)-^ -Xil + X"^)-^), zeC+, (1.1) 
Jm 

where, 

C = C*€B{IC), 0<DeB{IC), (1.2) 
and is a i3(/C)-valued measure satisfying 

j d(e,f^(A)e)ic(l + A2)-i <ooforaUee/C. (1.3) 

In this paper we study a subclass of S(/C)-valued Herglotz functions where D — 
and the Stieltjes integral in (1.1) is either understood in the norm (cf. Section |) 



or the strong operator topology (cf. Section W) in IC. For detailed discussions of 
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operator-valued Herglotz functions and their boundary value behavior, see, for in- 
stance, @, Hi, Ch. 4, |6|, Ch. V, @. Throughout this paper we will adhere to 
the usual convention 

M{z) = M{z)*, zeC+ (1.4) 



(see, however. Lemma 4.13 ) 



As discussed in some detail in |3C|| , our notion of Herglotz functions is not without 
controversy. In fact, the names Pick, Nevanlinna, Nevanlinna-Pick, and i?-functions 
(depending on whether the open upper half-plane C+ or the open unit disk D 
are involved, as well as depending on the geographical origin of authors) are also 
frequently in use. Here we follow a tradition in mathematical physics which appears 
to favor the terminology of Herglotz functions. 

A crucial role in our analysis is played by linear fractional transformations of the 
type 

M(z)^MA{z) = {A2s+A2,2M{z)){Ai^i+Ai,2M{z))-\ zeC+, (1.5) 
where 



AilC(BlC) = {AeB{IC(BlC)\A*JA^J}, J ^ [^j^ q j- (1-6) 
Ma is a Herglotz operator in IC whenever M is one and we refer to Krein and 



-Ik 



Shmulyan [|42| for a detailed study in connection with ( |l.5| ), (1.6). 

Section ^ provides a detailed study of a model Hilbert space, variants of which are 
used in Sections ^ and ^ This construction appears to be of independent interest. 

In Section |^ we consider self-adjoint perturbations of a self-adjoint (possibly 
unbounded) operator Hq in some separable complex Hilbert space Ti. 

Hl=Ho + KLK*, dom(iJL) = dom(i7o), (1-7) 

where L = L* € B{IC) and K G B{IC, Ti), with K. another separable complex Hilbert 
space. We introduce a model operator inH = L^(R, /C; dfii) for Hi in Ti, define 
the Herglotz operator 

Ml{z) = K*{Hl- z)-^K ^ ( dnL{\){\- z)-^, zeC\R, (1.8) 

where 

nL[\) = K*EL{X)K, (1.9) 

with {i?L (A) IasR the family of orthogonal spectral projections of i^L, and study 

the pair {Hl,Ho) in terms of {Ml(z), Mo{z)) following Donoghue's treatment 

of rank-one perturbations of Hq. Moreover, we prove a realization theorem for the 



class of Herglotz operators exemplified by (1.8). 

In Section ^ we consider self-adjoint extensions H oi a, densely defined closed 
symmetric operator H with deficiency indices (/c, fc), /c e N U {oo} in some separa- 
ble complex Hilbert space Ti.. We review our recent note on Krein's formula 
relating self-adjoint extensions of H and introduce the corresponding Weyl opera- 
tors Mh,m{z) 

Mh,n{z) = z% + (1 + z-')Pj^{H - z)-^Pj^\j^ (1.10) 
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= / rff^H,A/-(A)((A-z)-^ - A(l + A")-^), zeC\M, (1.11) 

where A/" is a closed linear subspace of the deficiency subspace A/^ = ker(iJ* — i), 
Pj^ the orthogonal projection onto TV, and 

^h,m{\) = (1 + \^){PmEh{\)PnU), (1.12) 

with {Eh{X)} xeVi the family of orthogonal spectral projections of H. Following 
28 we study linear fractional transformation of AlH,Af+{z) involving different self- 



adjoint extensions H of H. Moreover, following Donoghue ||25| in the special case 

dimc(A/+) = 1, we consider a model {H, H) mTL = L^{R,Af+;d^}H,j\r+) for the pair 
{H, H) in 7i, and discuss Friedrichs and Krein extensions of H assuming H to be 
bounded from below. We conclude Section || with realization theorems for various 



classes of Weyl operators of the type ( |l.llD . 

Section ^ provides concrete applications of the formalism of Section ^ specialized 
to the case dimc(A/+) = 1. We study Schrodinger operators on a half-hne and 
provide two illustrations of Livsic's result on quasi-hermitian extensions in the 
special case of densely defined closed prime symmetric operators with deficiency 
indices (1,1). 

Finally, we briefly introduce some of the notation used in this paper. C± = {z G 
C I Im(z) ^ 0} denote the open upper/lower half-plane, z the complex conjugate 
of z e C. Complex Hilbert spaces are denoted by H or /C, the scalar product in 
Ji (linear in the second factor) by (•,•)«, with In the identity operator in Ti,. 
Direct sums of linear subspaces are indicated by 4-, orthogonal direct sums by © 
(or ®Hi if necessary). The Banach space of bounded linear operators from K, into 
Ti is denoted by B{'IC, TL) (and simply by B{J-L) iilC = TL). The domain, range, and 
kernel (null space) of a linear operator T are denoted by dom(T), ran(T) and ker(T), 
respectively; the resolvent set and spectrum of T by p{T) and spec(T). The adjoint 
of T is denoted by T*, Re(r) = {T + T*)/2 and Im(T) = (T - T*)/{2i) (assuming 
dom(T) = dom(T*)) abbreviate the real and imaginary part of T, respectively. 
The symbol xb denotes the characteristic function of i? C K.; S denotes the Borel 
cr— algebra on R. 

2. Construction of a Model Hilbert Space 

This section describes in some detail the construction of a model Hilbert space, 
variants of which will be of crucial importance in Sections ^ and ^ Rather than 



referring to the theory of direct integrals of Hilbert spaces (see, e.g., |11 , Ch. 4, 
|T2[ , Ch. 7) we briefly develop the necessary machinery from scratch and hint at 
the construction of related Banach spaces as well. 

Let /I denote a cr— finite Borel measure on M, E the Borel cr— algebra on R, 
and suppose for each A G R we are given a separable complex Hilbert space 1C\. 
Let iS({A^a}agk) be the vector space associated with the product space IlAeK^-*' 
equipped with the obvious linear structure. Elements / of iS({A^A}AeR) are maps 

R9A^/ = {/(A)G/CA}AeKe n^^- (2.1) 

ASM 

Definition 2.1. A measurable family of Hilbert spaces M modelled on /it and 

{/Ca}agm is a linear subspace M C 5({/Ca}agr) such that / S if and only 
if the map R 9 A ^ {fWj9W)iCx G C is /i— measurable for all g E M. 
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Moreover, M is said to be generated by some subset J- C A4, if for every g ^ A4 
we can find a sequence of functions /i„ G lin.spanjxs/ G S{{ICx} | -B G S, / G T} 
with lim„^oo ||.g(-^) - ^n(A)||K:A = /x-a.e. 

The definition of M. was chosen with it's maximahty in mind and we refer to 
Lemma 2.3 and Theorem 2.6 for more details in this respect. An expUcit construc- 
tion of an example of M will be given in Theorem 2.5. 

Remark 2.2. The following properties are proved in a standard manner: 

(i) If / G X, 5 G 5({/CA}AeR) and g = / fi-a.e. then g e M. 

(ii) If {/„}„eN e M, g e S{{ICx}x<zr) and /„(A) ^ g{X) as n ^ cx) ^-a.e. (i.e., 
lim„^oo ||/n(A) - ^(A)!!^;;, = /^-a.e.) then g & M. 

(lit) If is a scalar- valued /.t-measurable function and f & M then (j)f e M. 
(iv) If / G then R 9 A ^ II/(A)||k:a ^ [0- oo) is /Lt-measurable. 

Let us remark that we shall identify functions in A4 which coincide /Lt— a.e.; thus 
M is more precisely a set of equivalence classes of functions. 

Lemma 2.3. Let {fn}neN C iS({/Ca}agm) such that 

(aj M 9 A — !■ (/m(A), fn{X)Kx ^ ^-measurable for all m,n G N. 

(P) For fi—a.e. A G M, lin.span{fn{X)} = IC\. 

Then setting 

M = {g e S{{]Cx}xe«.) I (/n(A), 5(A))k;a fi-measurable for all n G N}, (2.2) 
one infers 

(i) M. is a measurable family of Hilbert spaces. 

(ii) M is generated by {/„}neN- 

(Hi) A4 is the unique measurable family of Hilbert spaces containing the sequence 

{fn}neN- 

(iv) If {gn} is any sequence satisfying {(3) then M. is generated by {gn}. 

Sketch of proof, (i) Without loss of generality, we may assume {/njnGN contains 
all rational linear combinations, that is, all elements of the type X]^^=i Q^n/n, with 
a„ G Q, n = 1, . . . , iV, iV G N. For / G S{{Kx}xeM). 

||/(A)|k, =sup|(/(A),xs„(A)/„(A))kJ, (2.3) 

riGN 

where B„ = {A G K | ||/„(A)||k:;, < 1}. Hence, if / G 7W then the map M 9 A ^ 
||/(A)||x;;^ G [0, oo) is /x-measurable. It then follows easily that is a measurable 
family of Hilbert spaces, 
(ii) li g e M then 

inf ||g(A)-/„(A)|k, =0 /i - a.e. (2.4) 

riSN 

It follows that if £(A) is any measurable function with e > on R, then one can 
find a measurable partition {i?„}„gN of R so that 

ll5(A)-5]xB„(A)/„(A)|k, <e(A). (2.5) 

riGN 

Indeed, for each A G R let N{\) be the first n such that 

11.9(A) - MA)(A)|k, <£(A). (2.6) 

Then R 9 A ^ N{\) G N is //-measurable and B„ = {A G R | A^(A) = n} is the 
desired partition. This implies (ii). 
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(iii) If M' C ^({/CAlAeM) is a measurable family of Hilbert spaces containing each 
{/n}nGN, then M' C M. However, M. C M' by (ii) then completes the argument. 

(iv) This follows immediately from (iii), since we can define M' in a similar way, 
that is, 

M' = {he S{{K.\}\ev) I (5«(A), h{\))ic^ is /.t-measurable for aU n e N}, (2.7) 
and then A4 — M.' is clear from (iii). □ 

Next, let w be a ^-measurable function, w > Q fj,—a.e., and consider the space 

L^{M;wdfi) ^{feM\ f w{X)dfi{X)\\f{X)\\l^ < ^} (2.8) 

Jr 

with its obvious linear structure. On L^{M; wd^) one defines a semi- inner product 
■)LHM,wdt,) (and hence a semi-norm || • WmM-.wdt,)) by 

{f,9)LHM-,n.M= I ^WMmW,9W)K>., f,9eL'{M;wdfi). (2.9) 

JR 

That ( ^.9[ ) defines a semi-inner product immediately follows from the corresponding 
properties of (•, ■)ic^ and the linearity of the integral. Hence L?{AA\wdii) represents 
a pre-Hilbert space and one can complete it in a standard manner as follows. One 
defines the equivalence relation for elements /, g £ L^{A4;wd^) by 

f g ii and only ii f ~ g ji — a.e. (2-10) 
and hence introduces the set of equivalence classes of L^{M; wdfj.) denoted by 

L^{M]wd^) ^ L^{M]wd^)/ . (2.11) 
In particular, introducing the subspace of null functions 

Af{M;wdfi) = {f e L^{M;wdti) \ ||/(A)||k:;, = for /i - a.e. A e K} 

= {/ e L^M; wdfi) I = 0}, (2.12) 

L^{A4;wdii) is precisely the quotient space L^{A4; wd^) IN{M ;wdii). Denoting the 
equivalence class of / G L^{A4; wd^i) temporarily by [/], the semi- inner product on 
L'^{M\wdyL) 

{[f],[9])L^M■,n,d^.)^ I w{X)dfi{X){f{X),g{X))^, (2.13) 

is well-defined (i.e., independent of the chosen representatives of the equivalence 
classes) and actually an inner product. Thus L'^{M;wdfi) is a normed space and 
by the usual abuse of notation we denote its elements in the following again by /, g, 
etc. The fundamental fact that L'^{A4;wd^) is also complete is discussed next. 

Theorem 2.4. L^{Ai;wd^) is complete and hence a Hilbert space. 

Proof. It suffices to prove the following fact: For each {/„}„gN G L^{A4; wdfi) with 
EnGN \\fn\\L^iM;wd^,) < oo, there is an / e L'^{M;wdfi) such that Y^neN fn = /• 
Given such a sequence {/„}„eN with J^neN \\fn\\L^M;wdt,) = A define 

G(A)= (^||/„(A)|k,)'. (2.14) 
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Then G is /i— measurable. From X^^^j^ \\fn\\L'^{M;wdfi) ^ ^ one computes using 
Minkowski's inequality, 

2x 1/2 N 



N 



(A)d/i(A)^||/„(A)||, 



< 



n=l 
N 



J2 / w{X)d^{X)\\UX)\\l^ 



— X/ \\fn\\L^iM:wd^L) < A, 
n=l 

that is, 

/ wi\)d^i{X)(j2\\fnWh 

Applying the Monotone Convergence Theorem one then concludes 

w{\)dfi(X)G{X) < A^. 
Thus G is integrable and hence /i— a.c. finite. Consequently, we may define 



/(A) = 



0, 



otherwise. 



1/2 



(2.15) 



(2.16) 



(2.17) 



(2.18) 



Then ||/(A)||^^ < G(A) for /i-a.e. A e R and 

nGN 

In particular, / S L'^{M;wd^). Finally, since 

AT 



as iV ^ cx) /i — a.e. 



and 



N 



/(A)-E/"W 



n=Ar+l 



< G(A) ^ — a.e., 



the Lebesgue Dominated Convergence theorem yields 



lini 

N-too 



N 



L^{M\wdn) 



(2.19) 



(2.20) 



(2.21) 



(2.22) 



□ 



Clearly, the analogous construction defines the Banach spaces LP{Ai; wdfi), p > 
1. The case p = 2 corresponds precisely to the direct integral of the Hilbert spaces 
ICx with respect to the measure wdfj, (see, e.g., |ll|, Ch. 4, Ch. 7). 

Next, suppose is a separable complex Hilbert space and : S ^ B{IC) is 
a positive measure (i.e., countably additive with respect to the strong operator 
topology in /C). Assume 

n(R) = T > 0, T e B{1C). (2.23) 
Moreover, let /i be a control measure for il, that is, 

H{B) = if and only if n{B) = for aU B G E. (2.24) 
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(E.g., fj.{B) = J2nex 2 "(en, ^{B)en)ic, with {e„}„gi a complete orthonormal sys- 
tem in /C, Z C N an appropriate index set.) 

Theorem 2.5. There are separable complex Hilbert spaces 1C\, A G M, a measurable 
family of Hilbert spaces A^o(^) modelled on fi and {/Ca}agR; f^^d a bounded linear 
map A e B{JC, L'^{Mn{fJ.);dfi)) so that 
(i) For all B e E, ^, e /C, 



{tn{B)r^)fC = / rf/i(A)((AO(A),(Ar;)(A)k,. (2.25) 

J B 

(a) A({e„}„gi) generates A^o(/i), where {e„}nei denotes any sequence of linearly 
independent elements in IC with the property lin.span{en}nei = /C, X C N. In 
particular, A_{1C) generates A4n{p)- 
(Hi) For all £, & IC, 

A(r!(S)e) = xbAC fi-a.e. (2.26) 

Proof. Denote V = lin.span{e„}„gi. By the Radon-Nikodym theorem, there exist 
yit-measurable (f>m.n such that 

dAi(A)'^m.„(A) = (e™, n{B)en)K- (2.27) 
Next, suppose v — J2n=i ^nCn £ V, an E C, n ^ 1, . . . , N, N £ X. Then 

(w,f7(B)t;)K = / d/i(A) ^ (/>m,„(A)a;;ra„. (2.28) 

•^^ m,n=l 

By considering only rational linear combinations we can deduce that for /z— a.e. 

A e M, 

^ </'m,ri(A)a^Q!„ > for all finite sequences {«„} C C. (2.29) 

Hence we can define a semi- inner product (•,•)>, on V such that 

{v, w)x = ^ (/!'m,n(A)a;;r/3„ - a.e (2.30) 

m.n 

Next, let IC\ be the completion of V with respect || • ||a (or, more precisely the 
completion of V /Nx where Af\ = G V | (C,^)a = 0}) and consider iS({/CA}AeR)- 
Each Tj G V defines an element y_ = {w(A)}AeR G 5({/CA}AeR) by 

v{\) = V for all A G R. (2.31) 

Again we i dentify an element u G V with an element in V/J\f\ C /Ca- Applying 
Lemma the collection {e„}„gi then generates a measurable family of Hilbert 
spaces Mq{ii). If w G V then 

= / M>^){ll{\),viX)), = (z;,rz;)K: = \\T'^MI- (2-32) 

Hence we can define 

A:V ^ L^{Mn{ti);dfi), v ^ Av = v = {v{\) = v}xeR (2.33) 

and denote by A G B{]C, L'^(Mn{lj);d^i)), \\A\\B{K,L^Mn{^);dt,)) = \\T^''^\\b{k.). the 
closure of A. Then properties (i)-(iii) hold. □ 
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We now show that this construction is essentiaUy unique. 

Theorem 2.6. Suppose /C^, A G M is a family of separable complex Hilbert spaces, 
M! is a measurable family of Hilbert spaces modelled on ji and {/C^}, and A' £ 
B{JC,L^{M.';dix)) is a map satisfying (i),(ii), and (Hi) of the preceding theorem. 
Then for fi-a.e. A G M there is a unitary operator U\ : IC\ IC'^ such that 
f = {/(A)}AeR e MnilJ-) if and only if Uxf {\) e M' and for all ^ e JC, 

(A'C)(A) = C/a(AO(A) fi-a.e. (2.34) 

Proof. We use the notation of the preceding theorem. We select representatives 
e A4' of A'e„. It follows from condition (i) that for /x— a.e. A e M and every 
m,n ^ X we have 

ifLW,.fnW)K'^ = (em,e„)A = (e„ (A) , e„ ( A) . (2.35) 

Hence we can induce an isomctry U\ : K\ ^ /C^ such that t/Ae„(A) = fnW- 

It is easy to see that if w G V wc must have U\v{X) = (A'u)(A) fi—a.e. From the 
continuity of both A and A' it follows that for every ^ G /C we have 

(A'e)(A) ={/a(AO(A) M-a.e. (2.36) 

We next observe that if A'(/C) generates Ai' then by a density argument it must 
also be true that {f^Jnei generates Ai' . It is then immediate that the linear span of 
{fnW}nei must be dense for fj,—a.e. A G M. Thus Ux is actually surjective /i— a.e. 
and so is unitary. 

Finally, if ^ G /C and B G E then UxixsWiAOW) = Xs(A)(A'0(A) ^f-a.e. 
Thus it follows by approximation that if / G A^o(/i) then U\f{X) G A4' . Con- 
versely, a similar argument shows that if / G Ai' then U^^f{\) G A4n{^). □ 

Without going into further details, we note that Ainil^) depends of course on 
fi. However, a change in fi merely effects a change in density and so A4n{fj,) can 
essentially be viewed as /^—independent. 

Next, using the notation employed in the proof of Theorem 2.4 we recall 

V = lin.span{e„ G /C | n G X} (2.37) 

and define 

= lin.span{xi3e„ G L^{Mn{fi);dpi) | B G S, n G X}. (2.38) 

The fact that {e„}„gi generates Mn[lJ^) implies that is dense in L?[MQ,{p)]d^jL), 
that is, 

y^^L\Mn{ii)-,dii). (2.39) 
The following result will be used in Section |[ 

Lemma 2.7. Suppose K,, Ti. are separable complex Hilbert spaces, K G B{JC,Ti.), 
{E{B)}b^y: is a family of orthogonal projections in Ti, and assume 



lin.span{E{B)Ken G W | S G E, ?i G X} = (2.40) 
with {e„}„gi, X C N a complete orthonormal system in IC. Define 

n-.j:^ B{JC), n{B) = k*e{b)k, (2.41) 

and introduce 
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M N , M N 



m—1 n—1 



• m—1 n—1 

M N 



(2.42) 



m—1 n—1 

a„,,n e C, TO = 1, . . . , Af, n = 1, . . . , TV, M, TV e Z. 
Then U extends to a unitary operator U : {A4n{fj.); dfi) — > Ti.. 
Proof. One computes 

M N 

m—1 n—1 

M N 



n 



m—1 n—1 

M N 

,m2 — 1 ni ,712 — 1 
A-/ TV 

^ ^ ^ ^ ^mi ,ni '-*^m2 ,n2 (^ni 7 ^(-^mi -^m2 )'^n2 



■*mi ,ni <-*m2 ,n2 



rni ,7/12 — 1 711 ,712 — 1 

M N 

E E 

mi ,m2 — 1 ni ,?^2 
m—1 n—1 



B„„ nB„ 



rfM(A)(e„^(A),e„^(A))A:^ 



(2.43) 



L^{Ms^{^l)■,d^^) 



By (2.39), U is densely defined and tlius extends to an isometry U oi {A4n{fi); dfi) 
into Ti.. In particular, ran(C/) is closed in Ti.. Thus, 



(2.44) 



ran(C/) D lm.spa.ii{E {B)Ken eTi\B eY., n eX} ^Ti 
by hypothesis (2.41) and hence U : L^{A4Q{fi); dji) ^ is a unitary operator. □ 



In view of our comment following Theorem 2.6, concerning the mild dependence 
on the control measure /i of A^o(/^), we will put more emphasis on the operator- 
valued measure Vl and hence use the notation L^(R, /C; wdfi) instead of the more 
precise L'^{Ma{t^)',wd^) in Section ||. 

Finally we adapt Lemma 2.7 to the content of Section^. 

Suppose A/" is a separable complex Hilbert space and : E — ^ ^{^) a positive 
measure. Assume 

h{m.) = T > 0, f e B{M) (2.45) 

and let /i be a control measure for il. Moreover, let {u„}„£i, T C N be a sequence 
of linearly independent elements in J\f with the property lin.span{w„}„gx = A/". As 
discussed in Theorem p.5| , this yields a measurable family of Hilbert spaces M.^^{jl) 



modelled on jl and {A/aIaek and a bounded map A G B{J^, L'^{M^{p.);dfi)), 
IIAIIe(AA,L2(A^f^(/i);<iA)) = \\T^^'^\\l3i^f), such that A{{un}nex) generates M^{p) and 

K:V ^ L\M^{p.);dp.)), v ^ Kv = v = [viX) ^ v}xm. (2.46) 
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where 

V = lin.span{u„}„ex- (2.47) 

Each V gV defines an element 

g = MA) = (A - iyMxem e S{{Mx}xeM) (2.48) 
and introducing the weight function 

^^;l(A) = l + A^ AgM (2.49) 
and Hilbert space L^(A^Q(/t); wirf/i) one computes 

= / dmUmk = i'^^TvU = \\T''M%- (2-50) 

J'R 

Thus, the linear map 

k-.V ^ L^^Miiijiy^widil), v^kv = g = {g{\) = {\-i)~^v}xm (2.51) 

extends to A e B{N,L'^{M^{il)\widil)), \\MB{M,L^{Mi,{fi);w^diX)) = \\T'^''^\\b{M)- 
Introducing 

= lin.span{xB^ e L^{M^{jl);widjl) | B e S, n G Z} (2.52) 

one infers that V^^ is dense in L^{M(-i{p):widjl), that is, 

^= L\M^{ii)-,w,dil). (2.53) 

Given these preliminaries we can state the following result. 

Lemma 2.8. Suppose Ti. is a separable complex Hilbert space, Af a closed linear 

subspace ofH, Pj\f the orthogonal projection inH ontoN, {E{B)}, B G S a family 
of orthogonal projections in Ti, and assume 



lin.span{E{B)u„ eH\B gY,, n & !} = H, (2.54) 
with {un}nei, X C N a complete orthonormal system in J\f. Define 

Q:Y^B{M), Q{B) = P^E{B)Pj^\j^, (2.55) 



and introduce 



M N , , M N X 

3 X) X] '^rn^nXB^'g^ ^ ^ ( Z] Oim,nXB^g\ (2.56) 

m=l n=l ^ m=l n=l ^ 

M 

771=1 n=l 

am,n eC,m=l,...,M,n=l,...,N, M,N el. 

Then U extends to a unitary operator U : L^(A^Q(/i); wid/x) — > H. 
Proof. One computes 

M N 



TO=ln=l ^ 
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M N 

^ ^ ^ ^ Q^mi ,711 *^m2 ,n2 (^ni 5 -^(-^mi ^ -^m2 )^n2 )a/' 

rni ,m2 — 1 ni ,n2 — 1 
A/ AT 

^ ^ ^ ^ '^7711 ,711 *^m2 ,n2 (^ni ; ^(-^7711 ^ -^7712 )^712 

7711 ,7712 — 1 111 ,772 — 1 



E E 

mi ,m2 — 1 ,?^2 
M N 



Q^mi ,711 *-*^m2 ,n2 



c^m(A)(u„i(A),w„^(A))a^^ 



m— 1 n— 1 



(2.57) 



L2(A^j^(/I):i7)i!i/i) 



By (2.53), U is densely defined and extends to an isometry U oi L^{Ai^{fl);widjl) 
into Ti.. In particular, ran([/) is closed in Ti. Thus, 



ran([/) 3 lin.span{S(B)u„ e H\ B e Y., n e 1} = H 



(2.58) 



by hypothesis (2.54) and hence U : L'^{AA^{jl)]Widjl) Ti, is. a. unitary operator. 

□ 



Analogous to our comments following Lemma 2.7, in Section^ we will emphasize 
the role of Vt and hence use the somewhat imprecise notation L^(]R,7V; wdVl), with 
various weight functions as opposed to the precise notation L'^ {Ai^-^{fl); wdjl) . 



3. On Self-Adjoint Perturbations of Self-Adjoint Operators 
In this section we will focus on the following perturbation problem. Assuming 

Hypothesis 3.1. Let Ti. and IC be separable complex Hilbert spaces, Hq a self- 
adjoint (possibly unbounded) operator in Ti., L a bounded self-adjoint operator in 
K., and K : K, ^ Ti a bounded operator, 

we define the self-adjoint operator Hl in Ti, 

Hl=Ho+ KLK*, dom{HL) = dom(iJo). (3.1) 

Given the perturbation of Hq, we introduce the associated operator- valued 
Herglotz function in /C, 

Ml{z) ^ K*{Hl - z)-^K, zeC\R, (3.2) 

-^lmiML{z)) = iiHL-z)-'K)*{HL-z)-'K>0, z e C\R, (3.3) 
ini(z) 

and study the pair (H^, Hq) in terms of the corresponding pair {Ml{z), Mq{z)). In 
the special case where dimc(/C) = 1, this perturbation problem has been studied 
in detail by Donoghue and later by Simon and Wolf (see also |^). The 
case dimc(/C) = n S N, has recently been treated in depth in In this section 
we treat the general case dimc(/C) G N U {cxo}. 

Next, let {i?o(A)}AGM be the family of strongly right-continuous orthogonal spec- 
tral projections of Hq in Ti and suppose that KIC C H is a generating subspace for 
Hq, that is, one of the following (equivalent) equations holds in 
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Hypothesis 3.2. 



n = lin.span{{Ho - z)-^Ken £'H\n el, z £ C\K} (3.4a) 



= lin.span{Ea{\)Ken £ H | n e X, A e M}, (3.4b) 

where {e„}„gXj T QH an appropriate index set, represents a complete orthonormal 
system in IC. 

Denoting by {El (A)} asr the family of strongly right-continuous orthogonal spec- 
tral projections of Hl in Ti one introduces 

nL{X) ^ K*El{\)K, AgM (3.5) 

and hence verifies 

Ml{z) = K*{Hl - z)-^K ^K* I dEL{X){X - z)-^K 

Jr 

dnL{X){X ~ z)-\ zgC\M, (3.6) 



where the operator Stieltjes integral (3.6) converges in the norm of B{JC) (cf. The- 
orems 1.4.2 and 1.4.8 in ||l^). Since s-lim^^ioo z{Hl — z)^^ — —In, (3-5) implies 

f7L(M) = K*K. (3.7) 

Moreover, since s-limAx-oo El{X) — 0, s-limA|oo El{X) — I-h, one infers 

s-linir2L(A) = 0, s-limf7L(A) = K*K (3.8) 

and {S1l(A)}agk C B{JC) is a family of uniformly bounded, nonnegative, non- 
decreasing, strongly right-continuous operators from IC into itself. Let /^l be a 
cr— finite control measure on R defined, for instance, by 

//L(A) = ^2""(e„,r!L(A)e„)K, A e M, (3.9) 

where {e„}nex denotes a complete orthonormal system in /C, and then introduce 
L'^{MnL{HL)\dfj,L) as in Section^, replacing the pair (il,/z) by {flL,tiL), etc. As 
noted in Section |[ we will actually use the more suggestive notation L^(R, K.; wd^L) 
instead of the more precise L'^{MnL (ml); wdfi^) (w > a weight function), for the 
remainder of this section. Abbreviating Hl = L'^{M., IC; dn^), we introduce the 
unitary operator Ul ■ 'Hl H, as the operator U in Lemma 2.7 and define Hl in 
-Hl by 

(i?L/)(A) = A/(A), / e dom{HL) = L^{R, IC; (1 + X^)dnL). (3.10) 



Theorem 3.3. Assume Hypotheses \3.]\ and 3.i. Then Hj^ in Ti is unitarily equiv- 
alent to Hl inTi.L, 

Hl = UlHlU^K (3.11) 

The family of strongly right- continuous orthogonal spectral projections {El{X){\^^ 
of Hl inTiL is given by 

{EL{X)f ){v) = 9{X - iy)f{iy) for Ul - a.e. v € K, / G Hl, e(x) = 
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Proof. Consider 



then 



e„ = {e„(A) = e„}AeR G ^i, n Gl, 
Ulc^^ / dEL{X)Ke„ ^ Ke„, nel 



(3.13) 
(3.14) 



and 



{{Hl - z)-^e„){X) = (A - 2)~^e„(A) = (A - ^)~^e„, n e X, 6 C\M (3.15) 
yield 

UlIEl - z)-ie„ = y" di;i(A)(A - z)-^Ke„ = (Hl - z^^Ke^, nel,ze C\M. 

(3.16) 

Using the resolvent equation for Hl and Hq, 

{Hl - z)-^ = [Ha - z)-^ - {Hl - z)-^KLK*{Hq - z)'^ (3.17a) 

^{Ho-z)-^ -{Ho-z)-^KLK*{Hl-z)-\ zeC\R, (3.17b) 

one verifies 

{Ik + LK*{Ho - z)-^K){Ik: - LK*{Hl - z)-^K) (3.18) 

^{Ik-LK*{Hl-z)-^K){I,c+LK*{Ho-z)-^K)=Ik, z e C\R (3.19) 

and 

{Hl - z)-^K = (iJo - z)-^K{Ik + LK*{Ho - z)-^X)-\ z G C\R. (3.20) 
Since 

{Ik:+LK*{Ho- z)-^K)-^ eB{JC), zgC\R (3.21) 



by ( |3.1§| ), one infers 

Taii{{Iic+LK*{Ha-z)-'^K)-^)^]C, ze 



(3.22) 



Since by our assumption (3.4), finite linear combinations of {Hq — z)~^Ken, n e 
X, z e C\R are dense i n Ti , ( 3.20 ) and ( 3.22 ) then yield the same assertion for 
{Hl — zj^^Kcn- (I.e., (3^) is vahd with Hq replaced by any Hl ) Since Ul is 
unitary by Lemma 2/7, finite linear combinations of vectors of the form {HL — z)^^e^ 
(cf. (3.16)) are also dense in H. This fact, (3.1£), and the first resolvent equation 
for Hl yield 

Ul{Hl - z)-^UI^Ul{Hl - z')-^e^ = Ul{Hl - z)-^U^\Hl - z'y^Kcn 
= {Hl- z)-^{Hl- z')-^Ken, n gX, e C\R. (3.23) 
Since finite linear combinations of {Hl — z')^^ Kcn, n G I are dense in Ti, we get 
Ul{Hl-z)-'U^' = {Hl-z)-\ zeC\R (3.24) 

and hence ( 3.11 ). Equation ( |3.12| ) is then obvious from ( 2.26 ) since Hl is the 
operator of multiplication by A in TY^. □ 

If Li, £=1,2 are two bounded self-adjoint operators in JC (with H, JC, Hq, and K 
fixed, i.e., independent oi £ = 1,2) one proves the following result relating Mli{z) 
and Ml2(z). 
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Theorem 3.4. Assume Hypothesis 3.1. Let z G C\M and suppose H^^ and Ml^{z) 
are defined as in ( |3.l| ) and (3.2) with 7i,IC,HQ and K independent of i — 1,2 and 
Li, £ = 1,2 bounded self-adjoint operators in /C. Then 

Ml,{z) = MlAz){Ik + {L2 - Li)MlAz))-^ 

= [lie + MlAz){L2 - L,))-'MlAz). 

Proof. Using the resolvent equation for H^^ and i?Li, 

{Hl, - z)-^ = {Hl, - z)-^ - [Hl, - z)-'K{L2 - Li)K*{Hl, - z)-^ 

= (Hl, - z)-^ ~ {Hl, - z)-'K{L2 - Li)K*{Hl., - z)-\ 

z e C\M 



(3.25a) 
(3.25b) 

(3.26a) 
(3.26b) 



and applying K* on the left and K on the right of both sides of (3.26), results in 
K*{Hl, - z)-^K = K*{Hl, - z)-^K{I + (L2 - Li)K*{Hl, - z)-^K) (3.27a) 



'K{L2-L,))K*{Hl,-z)-^K (3.27b) 



and hence in ( 3.25| ). 



A comparison of ( 3.25 ) and (|l.5|) , (1.6) then yields 



A(Li,L2) 



Ik L2 — Li 
Ik 



e AilC ® JC) 



□ 



(3.28) 



for the corresponding matrix A in (1.5), ( |1.6| ). 
We note that ( 3.25| ) also imply 

{L2 - Li)MlM -Ik = -{{L2 - Li)MlAz) + Ijc)~\ 
Ml,{z){L2 - Li) ~I,c^ -(Mi,(z)(L2 - Li) + Ik)"^ . 



(3.29a) 
(3.29b) 

If KK. is not a generating subspace for Hq (i.e., (3^) does not hold) then H 
decomposes into H — TLk © Hj^ , with 

(3.30a) 
(3.30b) 



Hki = lin.span{(_ffo 



^Ken e W I n € X, z e 



= lin.span{i;o(A)ii:e„ G W | n e X, A G R} 

and Tiic, K-k: both reducing subspaces for Hl ({e„}nex ^ complete orthonormal 
system in IC). Moreover, for all Li G B{IC), £ ^ 1,2 self-adjoint, 

Hl, = Hl, on dom(iJo) n (3.31) 

and 



^^0 — Hq.k © Hi 



0,/C: 



Hr=H 



L.K 



ran(if) C Hk- 



(3.32) 



In particular, 

Ml{z)^K*{Hl~z)-^K:^K*{Hl,k-zY^K, z G C\R (3.33) 

and the L-dependent spectral properties of Hl in TL are effectively reduced to those 
of IIl,k in TLk.- 

In connection with our choice of KLK* as a bounded self-adjoint perturbation 
of Hq, the following elementary observation might be of interest. 

Lemma 3.5. Let V G B(TL) he self-adjoint. Then V and 7i can be decomposed as 

V = KqLqKI © 0, ran(F) © ker(F), (3.34) 



where Kq : IC ^ H, Lq = Lq E B{IC), and IC = ran(V^). 
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Proof. Since ran(V") = ker(F)^, consider Vq = : IC ^ K., JC ~ ran(y). 

Then Vq = Vq G B{IC) and Vq admits the spectral representation Vq = /^^dFo(A)A 
for some a,5 G R and some fam ily o f self-adjoint spectral projections {i^o(A)}AeR 
of Vq in /C. The decomposition (3.34) then follows upon introducing 

ifo = |K,r/'=/ dFo(A)|A|i/2, Lo = sgn(Fo)= /" dFo(A)sgn(A). (3.35) 

J a J a 

□ 



In ( |3.5| )-(3.8) we showed that every collection [Hq, K, L^TC, K.) gives rise to an 
operator-valued Hcrglotz function Ml{z) = rfr2i(A)(A — z)^^ with certain prop- 
erties recorded in (3/7) and ( |3.8|) . Conversely, introducing the following class 7\/i(/C) 
of S(/C)-valued Herglotz functions (we use the symbol Mi{lC) in honor of R. Nevan- 
linna) 

Mx{K.) = {M e S(/C) Herglotz I Af(z) = J dn{X){X - z)-^; < 1}(R) G B{IC)}, 

(3.36) 

we shall show in the remainder of this section that every element M of TVi (/C) can 
be realized in terms of some collection (Hq, K,Ti., K.) as in (3.6). (The operator 
Stieltjes integral in (3.3(;) converges in the norm of B{IC) by Theorem 1.4.2 o f p^ .) 
For this purpose we shall use a version of Naimark's dilation theorem | |5^ , ]53|| as 
presented in Appendix I of [|| and Appendix I by Brodskii p^ . 

Theorem 3.6. (0, App. I, Suppose that fl{X), X £ R is a strongly right- 

continuous nondecreasing function with values in B{1C), JC a complex separable 
Hilbert space, and assume s-lim^i^oo i^(A) = 0. Then there exists a separable com- 
plex Hilbert space TC, a K £ B{IC,TC), and an orthogonal family of strongly right- 
continuous spectral projections {i?(A)}AeR ^'^ ^ such that s-limAj_oc E{X) = 0, 
s-limAtoo E{X) = Ih, 

n{X) ^ K*E{X)K, A G R, (3.37) 

and 



{E{X)K^ £H\^ £ ICA^'R} ^n. (3.38) 

Moreover, if for some Ai, A2 G R, fl{Xi) = ^{X2), then E{Xi) = E{X2). 

The principal realization theorem for Herglotz operators of the type ( 3.36|) then 
reads as follows 

Theorem 3.7. (i) Any M £ A/i(/C) with associated measure fl can be realized in 
the form 

M{z) = K*{H - z)-^K, zgC\R, (3.39) 

where H represents a self-adjoint operator in some separable complex Hilbert space 
n, K £ B{K:,n), and 



= K*K. (3.40) 

(ii) Suppose AIi £ A/i(/C) with corresponding measures fli, £=1,2 and Mi ^ M2. 
Then Mi and M2 can be realized as 

Mi{z) ^ K*{Hl^ - z)-^K, zgC\R, (3.41) 
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where H^^, £ — 1,2 are self-adjoint perturbations of one and the same self-adjoint 
operator Hq in some separable complex Hilbert space Ti. 

HL.^Ho + KLgK*, £^1,2 (3.42) 

for some Li = L*^, £ B{1C), £ — 1,2 and some K G B{K,,'H) if and only if the 
following two conditions hold: 

Q.i{M)= K*K = n2{M), (3.43) 

and for all z G C\R,, 

M2{z) - Mi(z)(/k + {L2 - L{)Ah{z)y\ (3.44) 

Proof. Applying Naimark's dilation theorem, Theorem |3.6| , to ri(A), A G M, (as- 
suming s-limA|_oo ^^(A) = without loss of generality), yields f2(A) = K* E{X)K, 
A G R and introducing the self-adjoint operator iJ = Jjj dE{X)X in H then proves 
(3.3£). The normalization condition (3.4C) then follows as discussed in (p.5|)-(3.7). 
In exactly the same manner one proves the necessity of the normalization (3.43). 
The necessity of (3.44) was proven in Theorem 3.4. In order to prove sufficiency 
of (3.42) and (3.44) for (3.41) and (3.42) to hold, we argue as follows. Suppose 
s-limA4_oo f^i(A) = (otherwise, replace rii(A) by f2i(A) — s-lim,y|„oo fJi (i/)) and 
represent Mi(z) according to part (i) by 

Mi{z) ^ K*{Hi~ zy^K, z G C\R 

applying Naimark's dilation theorem and Theorem |3.6| . Define 

Ho = Hi- KLiK*, dom(i?o) = dom(i7i) 
for some Li = LI e B(/C). Next, use L2 ^ L2 e B{JC) in ( |3.44D to define 

H2=Hq + KL2K*, dom(i?2) = dom(i?o) 

and 

-1 



MlM = K*{H2~z)-'K. 



(3.45) 
(3.46) 
(3.47) 
(3.48) 



By Theorem |3J, 

MlM - ML,iz){lK + {L2 ~ Li)Miiz))-^ = Af2(z), z G C\! 
and the proof is complete. 



(3.49) 
□ 



For a variety of results related to realization theorems of Herglotz operators we 
refer, for instance, to [l0[| and the literature cited therein. Fundamental results on 
nontangential boundary values of Ml{z) as 2; ^ a; G M, under various conditions 
on K, can be found in Q-|5l). Additional results on operators of the type Ml{z) 
(including cases where K \s a, suitable unbounded operator) can be found, for 
instance, in [Q, |Q, and the references therein. 

4. On Self-Adjoint Extensions of Symmetric Operators 

In this section we consider self-adjoint extensions H of densely defined closed 
symmetric operators H with deficiency indices {k,k), fc G NU {00}. We revisit 
Krein's formula relating self-adjoint extensions of H , introduce the corresponding 
operator- valued Weyl m-functions and their linear fractional transformations, study 
a model for the pair [H, H), and consider Friedrichs Hp and Krein extensions Hk 
of H in the case where H is bounded from below. 
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In the special case fc = 1, detailed investigation of this type were undertaken by 
Donoghu e psf . The case fc e N was recently discussed in depth in Q (we also 
refer to Pqjfor another comprehensive treatment of this subject). Here we treat 
the general situation fc G N U {00} utilizing recent results in p^ . 

We start with a bit of notation and then recall some pertinent results of psf . 

Let H he a, separable complex Hilbert space and H : dom(_ff) TC, dom(ij) — H 
a densely defined closed symmetric linear operator with equal deficiency indices 
def(ii') = (fc, fc), fc e N U {00}. The deficiency subspaces Af± of H are given by 

7V± = ker(ij* T «), dimc(A/'±) = k (4.1) 

and for any self-adjoint extension H of H iiiTi , the corresponding Cayley transform 
Ch in Ti. is defined by 

CH = {H + t){H-ty\ (4.2) 

implying 

ChJV-=JV+. (4.3) 

Two self-adjoint extensions Hi and H2 of H are called relatively prime (w.r.t. 
H) if dom(iJi) n dom(i/2) = dom(i/). Associated with Hi and H2 we introduce 
Pi,2(z) e S(H) by 

Pi,2(;2) - {Hi - z){Hi - i)-\{H2 - z)-^ - {Hi - z)-'){Hi - z)(JJi + i)-i, 

ze p{Hi)r\p{H2). (4.4) 



We refer to Lemma 2 of [g8| and |58 for a detailed discussion of Pi, 2(2;). Here we 
only mention the following properties of Pi.2(^), z G p{Hi) n p{H2), 

Pi.2(^)|^^ = 0, Pi,2(2)AA+ C Af+, (4.5) 



ran(Pi,2(j)) = A/V, ran(Pi,2(z)|j^^) is independent of z e p(^i) n ^(^2), (4.6) 
Pi,2(*)|^^ = (z/2)(/- Cff,C^i)|^^ = (z/2)(/aA+ +e-2»i.^) (4.7) 

for some self-adjoint (possibly unbounded) operator ai^2 in J^+- 

Next, given a self-adjoint extension H oi H and a closed linear subspace TV of 
Af C A/+, the Weyl-Titchmarsh operator MH.j\f{z) G B{N) associated with 
the pair {H,N) is defined by 

Mh.m{z) = Pn{zH + In){H - z)-^Pm\j^ 

= zIj^ + {1 + z^)Pm{H -z)-^Pu\j^, zgC\M, (4.8) 

with Ij^ the identity operator in TV and the orthogonal projection in Ti onto 
M. 

One verifies (cf. Lemma 4 in [^) for Hi and H2 relatively prime w.r.t. ij, 

(Pi,2(^)|^J-^ = (Pi,2(*)|^J-^ - {z-i)Pm^{Hi+z){Hi-z)-^P^^ (4.9a) 

= i&n{ai^2) ~ MhiM+{z)-, z e p{Hi), (4.9b) 

where 

Ch.CJjIIj^^ = -e-^^'^^'\ (4.10) 

Following Saakjan (in a version presented in Theorem 5 and Corollary 6 in 
28 1), Krein's formula then can be summarized as follows. 
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Theorem 4.1. ([^, |5|].) Let Hi and H2 be self-adjoint extensions of H and 
z e p{Hi)\J p{H2). Then 

{H2 - = {Hi - + {Hi - i){Hi - z)-^Pi,2{z){Hi + i){Hi - z)-' (4.11) 

= {Hi - z)-i + {Hi - i){Hi - z)-iPM,.,+ X (4.12) 

X (tan(aAAi,2,+ ) - Mifi,A/'i,2,+ (^))"^^AAi,2,+ (-H"i + i){Hi - 

where 

-^1,2,+ =ker((i/i|^(^^^^^(^^P* -z), (4.13) 

(4.14) 

and 

= (V2)(/ - Ch.C^DIj^^^^^^. (4.15) 

Next we recall that MH,j\r and hence Pi.2{z)\j^j-^ and — (Pi,2(^) j^y^ )^"^ (cf- (4.9)), 
if the latter exists, are operator- valued Herglotz functions. 

Theorem 4.2. Let H be a self-adjoint extension of H with orthogonal family of 
spectral projections {EH{^)}\eRj a closed subspace of M+. Then the Weyl- 
Titchmarch operator Mh j^{z) is analytic for z G C\M and 

Im(z)Im(Mff,AA(z)) > (max(l, jz^) + |Re(z)|)-\ z e C\M. (4.16) 

Ln particular, MH^jKf{z) is a B{Af)-valued Herglotz function and admits the repre- 
sentation valid in the strong operator topology of J\f, 

Mh,aa(^)= /c^^^^^,A^(A)((A-z)-l-A(l + A2)-l), z g C\R, (4.17) 

JR 

where 

nnM^) - (1 + X''){P^Eh{X)P^\_^), (4.18) 



rfr!ff^AA(A)(l + A2)-i =/^, (4.19) 
d(e, f^Hx(A)Ow = 00 for all e e Af\{0}. (4.20) 



Proof. { 4.17 ) has been derived in Lemma 7 of [g8| , hence we confine ourselves to a 
few hints. An explicit computation yields 

Im(z)Im(AfH,^(z)) = P^{Ln + H^f/^{{H - Re{z)f + lin{z)f)-^ 

X {Lh + H^f/^Pu\j^, z e C\M. (4.21) 

Together with 

> I (4.22) 

(A - Re(z))2 + (Im(z))2 " max(l, |z|2) + |Re(z)| ^ ' 

and the Rayle igh-Ritz argument this yields ( 4.16|) . The representation ( 4.17 ) and 
the fact jTl^ ) follow from (U) and {H - z)-i^ = ^^d{EH{\)£.){\ - z)-i, ^ e 
(4.1£) then follows from 



o^(^^HX(A)0(l + A')"' = / d{PuEH{m = Pj^ / d{EH{\)i) 

= PatS. = C for aU ^eM. (4.23) 
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Finally, 

nHMimn - / EH(X)On{l + X')^oo for all ^ G Af\{0} (4.24) 



since A/" C Af+ and 7\/+ n dom(i7) = {0} by von Neumann's formula 

dom(i?) = do-ai{H)+M+ + {-CH)~^Af+. (4.25) 

□ 

We also recall without proof the principal result of the linear fractional 
transformation relating the Weyl-Titchmarch operators associated with different 
self- adjoint extensions of H. 

Theorem 4.3. (p8[.) Let Hi and H2 be self-adjoint extensions of H and z £ 
p{Hi)np{H2). Then 

Mh,M+{^^) = (^i,2(0U^ + {Iu++^PiA^\j^^)Mh,,mM) X 

X {{lM^+iPiMj^^)-PiMj^^MH,M^{z)r\ (4.26) 

where 

PiMn^ = (*/2)a« - Ch.ChDU^. (4.27) 
IN^+^PlA^\^^ = {im(In + CH,CH\)\j^. (4.28) 



Introducing 



e 



-2iai 2 



-Ch.C-^W^^, (4.29) 

( 4.26| ) can he rewritten as 

MH2,Ar+iz) = e"'"i'2(cos(Q:i^2) +sin(ai,2)Afei^AA+(z)) x 

X (sin(ai,2) - cos(ai,2)Afff,,A/-_^(z))~ie^"i-^ (4.30) 



A comparison of (4.30) and (|1.5D, ( |1.6[ ) then yields 

\ /e"*"i'2 sin(ai,2) -e"*"!'^ cos(ai,2)\ - ^ ;,^n oy-, 
^(ai,2) = -ja, o ) \ -la, , ■ / 's ]£A(JC®JC) (4.31) 
^ ' ' \e cos(ai 2) e "^-^ sin(ai 2) 



for the corresponding matrix A in (L5), ( |1.6| ). 

Weyl operators of the type MH,j\f{z) have attracted considerable attention in 
the literature. The interested reader can find a variety of additional results, for 
instance, in ||, @, @, 

Next we will prepare some material that eventually will lead to a model for 
the pair {H,H). Let A/" be a separable complex Hilbert space, {un}n£i, I C N a 
complete orthonormal system in M, {f2(A)} agr a family of strongly right-continuous 
nondecreasing S (A/") -valued functions normalized by 

h{R)=I,c, (4.32) 

with the property 

rf(^, J7(A)0a;'(1 + A^) = 00 for aU ^ G AA\{0}. (4.33) 



Introducing the control measure /i(-B) = Snsi ^ "(u„, r2(-B)u„)A/', B G S, and A 
as in Theorem 2.5, we may define L^(M, A/"; wdfi), p > 1, w > a weight function. 
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as in Section Of special importance in this section are weight functions of the 
type Wr{X) = (1 + A'^)'', r e M, A e M. In particular, introducing 

n{B)= f {l + X^)dfi{X)^{X), SeS, (4.34) 
Jb "A^ 

we abbreviate H — L^(R, A/"; dft) and define the self-adjoint operator H in H, 

{Hf)(X)^Xf{X), f edom{H)^L^{R,N;{l + X^)dn), (4.35) 

with corresponding family of strongly right-continuous orthogonal spectral projec- 
tions 



{Efj{X)f){v) = e[X ~ v)f{v) for n - a.e. e R, / G H. 



(4.36) 



Associated with H we consider the linear operator H vaTi defined as the following 
restriction of H 



dom(ij) = {/ e dom(ij) I /(I -t- X^)djl{X)(^, f{X))M^ = for aU ^ e A(AA)}, 



H = H 



'dom(H)' 



(4.37) 



(The integral in (4.37) is well-defined, see the proof of Theorem 4.4 below.) Here 
we used the notation introduced in the proof of Theorem 2.5, 

i = Ae = u(A) = aAGK. (4.38) 

Moreover, introducing the scale of Hilbert spaces 'H2r — i^(K., A/"; (1 + X^ydfl), 
r gR, Ho — H, we consider the unitary operator R from to H_2, 

R:n2^n-2: /^(l + A^)/, (4.39) 

{f.9)n, = {f.R9)n = W^a)n = W^R9)n_,, f,geH2, (4.40) 

= (u^R^h)^^ = (i?"^w,i;)^ = iR^^u,R-'^v)^^, u,ve'H-2. (4.41) 

In particular, 

A(A/') C A(AA) c H-2, $ e A(AA)\{0} ^^<^n (4.42) 



(cf. ( I2.51D and ([4.32D-([f.34|)). 



Theorem 4.4. T/ie operator H in (4.37) is densely defined symmetric and closed 
in H. Rs deficiency indices are given by 



def(H) = (k,k), k = dimc(AA) eNU{cx)}, 



(4.43) 



ker(ff - z) ^ lin.span{{{X- z)-^en]xeWL^'H\n z e C\R. (4.44) 

Proof. Writing \\f{X)\\jsf^ (1 + A2)-i/2(i + ;^2)i/2||j(;^)||^^ ^^^^^^ ^^isX f £ 
L^(R,J\f;dn) for f e 'H2- Thus the integral in ( |4.37| ) and hence dom(ij) is well- 
defined. As a restriction of H, H is clearly symmetric. By ( 4.37 ) and ( 4.39| )-( 4.41 ) 
one infers 



dom(if) = dom(i7) = 7^2 Q^^,^ i?-^A(A/'), 



(4.45) 
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where, in obvious notation, Q-fy^ indicates the orthogonal complement in Ti.2. Thus 
H has a closed graph. 

Next, to prove that H is densely defined in Ti., suppose there is a, g € H such 
that 5_Ldom(ij). Then 

= (/, 9)n = (/' R~'9)n, all / G dom(H) (4.46) 
and hence R^^g E R^^A{J\f), that is, there is an ^ G A/" such that 5 = 51— a. e. by 
Since G A(A/')\{0} implies A^ ^ H by (^l2|) , 5 G H if and only if 
A^ = g — 0. Finally, since H is self-adjoint, ran(77 — z) — Ti for all z G C\R, and 
{H ± i) : 1-12 ^ H is unitary, 

{{H±{}f,{H±t)g)fy^ f {l + X^fdfi(\)(f{X),g{X)U,={f,g)fy 1,9^^12- 
Jr 

(4.47) 



Thus ( [4.45D and ( [4.46D yield 

n={H± i)n2 = {H± i){dom{H) i?"^A(7V)) 



{H ± i)dom(i/) ®^ lin.span{{(A ±i){l + X^)-^Un}xeR G H | n G X} 



= ran(iJ ± i) 0^ lin.span{{(A =F iy^Un}xew eH\neI} (4.48) 
and hence 



ker(i7 T «) = lin-span{({A =F «)"^'"n}AeR e I " e 2:}. (4.49) 

Since (A - z)-^^ - (A - i)"^C + - *)(A - 2)"^-^ - i)"^?, with {(A - z)-\X - 
e H2 = dom(5) for aU ^ G AA, z G C\M, ( p^ yields ( p^ ). □ 

Lemma 4.5. Let H be a densely defined linear closed symmetric operator in a 
separable complex Hilbert space Ti with deficiency indices {k,k), fc G N U {00}. 
Then Ti decomposes into the direct orthogonal sum 

n^Ho®H^, ker(ff* - i) G Ho, z G C\R, (4.50) 

where Ho and Hq are invariant subspaces for all self-adjoint extensions of H, that 
is, 

[H - zy^HoCHo, [H ~ z)-^n^ EH^, z G C\R, (4.51) 

for all self-adjoint extensions H of H in Ti.. Moreover, all self-adjoint extensions 
H coincide on "Hq , that is, if {Ha}a£i (I an appropriate index set) denotes the 
set of all self-adjoint extensions of H , then 

Ha = i^o,a © H^, a G X in H = Ho ® Hq, (4.52) 

where 

is independent of a El. (4.53) 

Proof. Let be a fixed self-adjoint extension of H, denote A/± = ker(ij* =F i), and 
define 



Hh = lin.span{(iJ - z)-^u+ G H | ii+ G 7V+, z G C\R}. (4.54) 
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Since {H - zi)-'^{H ~ Z2y^ = (zi - Z2)"H(i/-zi)"^ - (i?- 22)"^), Hh is invariant 
with respect to {H-z)-^, {H-z)-^Hh C Hh, and since {{H-z)-^)* = {H-z)'^, 
also Tijj is invariant under {H — z)~^ for all z e C\R. Since w-lim^^ioc(— — 
z)^^f — f for all / e H, one concludes 

A/V C Hh- (4.55) 

Next, let V enjj. Then also 

w ^ (H - z)-^v enjj, zeC\R (4.56) 

and 

('«+,'")«== (■"+,w)w = 0, M+e7V+. (4.57) 

Since w G doni(_ff ) 

w ^ A4 (4.58) 

(otherwise H*w — ±iw yields Hw = ±iw which contradicts the self-adjointness of 
H). By von Neumann's formulas 

dom(ij*) = dom(ff) ®n+ N+ ®n+ A/L, (4.59) 

where ®u+ denotes the direct orthogonal sum in the Hilbert space W+ defined by 

H+ = (dom(ff*), (.,•)+), {f,g)+^iH*f,H*g)n + if,9)n, /, 5 e dom(ij*). 

(4.60) 

Using ( [4.55[ ), Hw ~ zw + v (cf. (4.56)), (4.57), and (4.60) one computes 

{u+,w)+ = {H*u+,H*w)-H + [u+,w)n = -i[u+,Hw)u + {u+,w)h 

— {~iz + l)(u+, w)-H - i(u+, v)h = 0. (4.61) 



( 1.5§| ), (4.59), and (4.61) then prove w G dom(i/) and hence 

Hw — Hw — zw + V. (4.62) 
If H is any other self-adjoint extension of H , then w G dom(ij) also yields 

Hw = Hw = zw + V (4.63) 

and hence 

w ^ [H - z)-^v ^ {H ^ z)-'^v, veHH. (4.64) 
Thus the resolvents of all self-adjoint extensions of H coincide on Ti.jj. Moreover, 

{{H - z)-^u+,v)n = {u+, {H - z)-^v)n = {u+,w)-h = (4.65) 

yields 

{H - z)-^u+ ± Hh, z g C\R (4.66) 

and hence Hf^ Q Hh ■ By symmetry in H and H , Hf^ = Hh = Ho completing the 
proof. □ 

In the following we call a densely defined closed symmetric operator H with defi- 
ciency indices (k, fc), fc G N U {00} prime if Hq = {0} in the decomposition (4.5C). 

Given these preliminaries we can now discuss a model for the pair {H,H). 
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Theorem 4.6. Let H be a densely defined closed prime symmetric operator in 
a separable complex Hilbert space Ti. Assume H to be a self-adjoint extension 
of H in Ji with {Eh{\)}\£r the associated family of strongly right- continuous 
orthogonal spectral projections of H and define the unitary operator U : Ti. = 
LP' (R, M+ ; dQ.H.N'+ ) ^ "H as the operator U in Lemma 2. 8 , where 



^HM+W = (1 + X^)iPf^^EHiX)P^+ 1^ ) 



(4.67) 



with Pj\f^ the orthogonal projection onto A/+ = ker(i7* — i). Then the pair {H, H) 
is unitarily equivalent to the pair H, H), 

H = UHU-\ H = UHU^\ (4.68) 



where H and H are defined in (4.32) -(4.37), and Theorem 
withM+, etc. Moreover, 



UN+ = N+ 



(.4, and M is identified 
(4.69) 



where 



A/V = lin.span{u^ G 7i \ ^^{X) = (A — i) -'^u+,„, A G M, n G T}, 
with {u+.n}nei 1 complete orthonormal system in J\f+ — ker(i7* — i). 



(4.70) 



Proof. Consider u (A) = (A 



^uj^,n, n G X, then 



Uu 

=+,n 



dEH{X)u 



+ .n 



proves ( 4.69| ). Moreover, 

{{H - z)-%J{X) = (A - z)-\X - tr'u+, 

yields 



(4.71) 
(4.72) 



U{H-z)-^u = dEH{X){X- z)-'^u+^n = (H - z)-'^u+^n, nel. (4.73) 
Jr 

Since by hypothesis H is a prime symmetric operator, finite Hnear combinations of 
the right-hand side in ( 4.73 ) are dense in Ti.. Since U is unitary, also finite linear 
combinations of {H — z)^^u^ ^ on the left-hand side of (i.72) are dense in H. Using 
the first resolvent equation one computes from (4.73) 

U{H - z)-^U-^U{H - z')"^i+ „ = U{H - z)-^U-\H - z')~^u+,„ 

= (H - z)-\H - z')-^u+^„. (4.74) 

Since finite linear combinations of the form {H — z')^^u_|_.„ are dense in Ti we get 

U{H - z)-^U-^ ^{H - z)-^, zgC\R. (4.75) 

( ^ ) and ( ^J5| ) then yield UHl/-^ =H. □ 

If is a densely defined closed non-prime symmetric operator in Ti, then in addition 
to ( [4.50D , ( |4.52| ), and ( [4.53D one obtains 



AA+ = AAo,+ ® {0} 



(4.76) 
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with respect to the decomposition TL — Hq © Hq. In particular, the part Hf^- of H 
in Hq is self-adjoint. For any closed linear subspace Af of Af+, M C 7\/+, one then 
infers M = ® {Q}, Pm ^ PMo © and hence 

Mh,M^MhoMo{^^), 2eC\M. (4.77) 

This reduces the i/-dependent spectral properties of the Weyl-Titchmarch operator 
effectively to that of i/o, where H — Hq ® H(j- is a self-adjoint extension of H in 

n. 

Next we digress a bit to the special case where H > and characterize Friedrichs 
and Krein extensions, Hp and Hk, of H in H. Assuming H to be densely defined 
in H we recall the definition of Hp and Hk (cf., e.g., 0), 

dom(i7y') = {/ e H I there is a {/„}„eN C dom(ij) s.t. lim ||/„ - = 

n— *oo 

and lim ((/„ - ij(/„ - = 0}, 

m,n— *-cxD 

= ^1dom(H-)ndom(i?y^)' (^.78) 

dom(7?K) = {/ e dom(ij*) | there is a {/„}neN C dom(ij) s.t. 

lim \\HU - H*f\\n = and lim ((/„ - fm),Hifn - fm))n = 0}, 

n — >-oo m,n — >-oo 

HK = H*L^^^^y (4.79) 

Moreover, we recall that 

MspeciHp) = M{{g,Hg)n eR\ge dom(ij), \\g\\n 1} > 0, (4.80) 

inf spec(ffif) = 0, (4.81) 

and 

0<iHF-fiy'^<iH-fi)-'^<{HK-^i)-\ M<0 (4.82) 

for any nonnegative self-adjoint extension H >Q oi H. 

Next we discuss a slight refinement of a result of Krcin M (see also M , [p5[ , 



66|). We will use an efficient summary of Krein's result due to Skau ||6l[ (cf. also 



43 1), which appears most relevant in our context. 



Theorem 4.7. Let H > be a densely defined closed nonnegative operator in H 
with deficiency subspaces J\f± = ker(_ff* =F*)- Suppose H is a self-adjoint extension 
of H in H with corresponding family of orthogonal spectral projection (A)}AeR 
and define 

nH.xA^) - (1 + A')(Pv+Sh(A)Pa^+|^J. (4.83) 

Denote by Hp and Hk the Friedrichs and Krein extension of H , respectively. Then 
(i) H = Hp if and only if dj (A)u-|_ ||^A = oo, or equivalently, if and only if 

d{u+,il,H,j\f+Wu+)M^^^^ = oo for all R > and all u+ Ej\f+\{0}. 
(a) H = Hk if and only if d\\EH{^)u^\\'^X^^ — oo, or equivalently, if and only 
if Jf^ d{u-i-,QH,Af+W^+)j'^+'^^^ — °° /"'^ all R > and all u+ e A/V\{0}. 
(ill) H^Hp^Hk if and only if d\\EH{\)u+\\l,X = /J" d||SH(A)w+||2,A-i = 
oo , or equivalently, if and only if for all R > and all m+ G A/+ G A/'+\{0}, 
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Proof. By Lemma 4.5 and ( 4.76| ) we may assume that H is a prime symmetric 
operator. Moreover, by Theorem |4.6| we may identify (H, H) in Ti with the model 

pair {H,H)mn^ L^{R,J\f+;dnH,Ar+). Since by 



7V+ = hn.span{^^ „ = {(^ - j)"^w+,n}AeR £ 7^ | n e X}, (4.84) 

statements (i)-(iii) are reduced to those in Krein respectively Skau |6l], who 
use ker(iJ* + 1) instead of A/V = ker(_ff* — i), by utilizing the elementary identity 
(A + l)-i = (X-i)-'^ -{l + i){X + iy\X-i)-^ and the fact that {(A+l)-i(A- 
iy^u+,n}\m en = L'^{M.,J\f+;dnH,Ar^) for aU nel. □ 

Corollary 4.8. (||, ||, ||, [|7|.) 

(i) H = Hp if and only i/ limA4-oo('u+, Af/f aA+ (A)u+)aA+ — —oo for all U-^ G 

(ii) H — Hk if and only i/limA|o(w+, MhM+ (A)u+)a+ — oo for all m+ G 7V+\{0}. 
(Hi) H = Hp = Hk if and only z/ limAx-oo(w+, Af^f,AA+ (A)w+)a/'_^ = — oo and 
limAto(M+,A^H,A^+(A)M+)AA+ = oo for all u+ G 7V+\{0}. 

Proof. Since 

A'W^(z) = zl^^ + (1 + z^)P^^ [H - z)-^Pm^ 

rff^H.^+(A)((A-z)-i - A(1 + A2)-1), zeC\[0,oo) (4.85) 



by ( 4.83| ), it suffices to involve Theorem ^7^(i)-(iii) and the monotone convergence 
theorem. □ 

As a simple illustration we mention the following 

Example 4.9. Consider the following operator H in L^(R"; d^x), 



^=-^lc„~(En{o})^0' " = 2'3- (4-86) 

Then 

Hp = Hk = -A, dom(-A) = H'^^^{^^) if n = 2 (4.87) 
is the unique nonnegative self-adjoint extension of H in L'^{K?\d^x) and 

Hp = -A, dom(-A) = i/2'2(R^) if n = 3, (4.88) 

Hk ^Uh^U-^ (B^Uh^U-^ iln = i. (4.89) 

Here H^^'^iW^), p,q £N denote the usual Sobolev spaces, 

C = -^, ^>0, (4.90) 
dom{h^) = {/ e L^{{0, oo); dr) | /, /' £ AC([0, i?]) for aU R>0; /'(0+) = 0; 

/"eL2((0,oo);dr)}, 

+ r>0, ^gN, (4.91) 

dom(;i^) = {/ e L^((0, oo); dr) | /, /' G AC([0, R]) for all i? > 0; /(0+) = 0; 

-/" + £(^+l)r-2/ei'((0,oo);dr)}. 
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Equations (4.87 )-(4.. 



and U denotes the unitary operator, 

U : L^{{Q,oo);dr) L^{{0,oo);r^dr), f{r) 
follow from Corollary 

'-(2/7r)ln(z) + 2i, n 
^i(2z)i/2 + l, n 

and 
Here 



and the facts 

2, 
3, 



(4.92) 



(4.93) 



(4.94) 



A/V = hn.span{u+}, u+{x) = Go(i, 0)/||Go(«, ■ 
where 

GQ{z,x,y) = 



|L2(R-d"x), XGM"\{0}, 

(4.95) 



\H^'\z^/^\x-y\), 



l/(47r|a;-y|), 



(4.96) 

2,3 (i.e., the integral kernel 



denotes the Green's function of —A on iJ^'^(]R"), n 
of the resolvent (—A — z)^^) and H^^\(^) abbreviates the Han kel function of the 
first kind and order zero (cf., Sect. 9.1). Equation ( 4.93 ) then immediately 
follows from repeated use of the identity (the first resolvent equation), 

(rx'Go{zi,x,x')Go{z2,x',0) = {zi - z2)"\Go(2;i, x, 0) - Go(z2, 2^, 0)), 

a; 0, zi 7^ Z2, n = 2,3 (4.97) 



and its limiting case as x ^ 0. Finally, (4.94) follows from the following arguments. 



First one notices that {—{d /dr ) + vr ) 



Co~((0,oo)) 



is essentially self-adjoint if and 



only if V > 3/4. Hence it suffices to consider the restriction of H to the centrally 
symmetric subspace of L^(R^; d^x) corresponding to angular momentum £ = 0. But 
then it is a well-known fact (cf. Lemma [S^ ) that the Dirichlet Donoghue rn- function 
{u+,MHp,Af+{z)u+)L2(^^^.a„^'^ corresponding to 

d2 



,0 



dr^ ' 



r > 0, 



(4.98) 



dom(/i^) = {/ e L^{{0, 00); dr) \ f, f e AC{[0, R]) for all R > 0; /(0+) = 0; 

/" eL2((0,^);dr)}, 

and the Neumann Donoghue m-function (w+, MHt^ .M^ (■g )''^+)£^(B":d":c) correspond- 
ing to in ( 4.9C ) are related to each other by ( 5.29 ), with a = 7r/2, (3 = 7r/4, 
proving ( 4.94 ). 

Further explicit examples of Krein extensions can be found in Q and the refer- 
ences therein. All self-adjoint extensions oi H are described in [H, Section 1. 1.1 and 
Ch.1.5. Generalized Friedrichs and Krein extensions in the case where H has defi- 
ciency indices (1,1) and H is not necessarily assumed to be bounded from below, 
are studied in detail in |32-|M. Interesting inverse spectral problems associated 



with self-adjoint extensions of symmetric operators with gaps were studied in the 
series of papers ||, ||-|6). 
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Finally we discuss some realization theorems for Herglotz operators of the form 
(I^H). For this purpose introduce the following set of Herglotz operators, 

Mo{M) ^ {M e B{N) Herglotz | M{z) = S dVt{\){{\ - z)-^ - A(l + \^y^)] 

f2(K) = /a,; for all C £ AA\{0}, / d{i, nim^ = oo}, (4.99) 

R 

Mo,f{M) = {M e Uq{M) I supp(f^) C [0, oo); for all ^ e A/'\{0}, 

OO 

/ d{i, n{\)C)N-X-^ = oo for some R > 0}, (4.100) 

R 

J^o.kW = {M e AfaiAf) I supp(f7) C [0, oo); for aU ^ e Af\{0}, 

/ d(C, n{\)()^rX-^ = oo for some R > 0}, (4.101) 



JVo,f.k{JV) = {M e A/'o(AA) I supp(17) C [0, oo); for all ^ £ AA\{0}, 

oo 7? 

/ d(,e,f^(A)OAAA"^ /d(^,!l(A)^)7vA"^ = oo for some R > 0} 

B. 

= A/'o,F(AA)nAAo,K(AA), (4.102) 

where M is a separable complex Hilbert space, supp(ri) denotes the topological 
support of n, and h{X) = (1 + X'^)-^n{X), A £ M. 

Theorem 4.10. (i) Any M e A/o(A/') can be realized in the form 

M{z) = V*(zlM^+{l + z'')PMyH -z)-^P^^\j^^)V, zeC\R, (4.103) 

where H denotes a self-adjoint extension of some densely defined closed symmetric 
operator H with deficiency subspaces A/± in some separable Hilbert space Ti. 
(ii) Any M £ ■Xfo,F(resp.K){-^) can be realized in the form 

M{z) = V*(zIm^ + (1 + z')FAf+(-fff(.e.p.K) - z)-^Pm^\j^^)V, z e C\R, 

(4.104) 

where Hp(^resp.K) ^ denotes the Friedrichs (respectively, Krein) extension of some 
densely defined closed symmetric operator H with deficiency subspaces J\f± in some 
separable complex Hilbert space Ti. 
(Hi) Any M G A/o.f.a:(A/') can be realized in the form 

M{z)^V*{zlM^+{\ + z'')P^yHF.K~z)-^P^f^\j^^)V, zeC\R, (4.105) 

where Hp > denotes the unique nonnegative self-adjoint extension of some 
densely defined closed symmetric operator H with deficiency subspaces J\f± in some 
separable complex Hilbert space Ti.. 

In all cases (i)-(iii), V denotes a unitary operator from M to J\f+. 

Proof, (i) Define 

V:M^M+, e — >(--«)~^C (4.106) 



and use the notati on d eveloped for the model pair (_ff , H) in ( 4.32 )-( 1.37 ), Theorem 
li] , and Theorem U|. Then 

{VtV^)j^^^ [ d{i,n{X)r^U{l + X^)-^ tveM (4.107) 
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shows that is a hnear isometry from M into T-L+ , 

V*V = Ij^, ran(t/*)=7V. 



By (|4.84|) (identifying M+ and TV), 

is also a hnear isometry from into A/", implying 

VV*=Ij^^, ran(y)=AA+. 
Thus y is unitary and one computes 



(4.108) 
(4.109) 
(4.110) 



(e, V*{zlj^^ + (1 + z2)p (iJ _ ^)-lp^ 



[Vt [zlj^^ + (1 + z2)p (77 _ z)-ip^ 



)yr;) 



A-4- 



((• 



1^, (z/^ + (1 + z2)P (iJ 



A/'+ 



d(e,r!(A)r;)A,z(l + A2)-i+ / d(e,17(A)?7)A^(l + z2)(i + A2)-i(A-z)- 



n{X)r^)^{{\ - z)-i - A(l + A^)-!) 
(^, M(z)77)a^, ^,77,eA/', zeC\M. 



(ii) and (iii) then follow in the same way using Theorem 4.7. 



(4.111) 
□ 



For a whole scale of Nevanlinna classes in the case where H has deficiency indices 
(1,1) we refer to [Q. 

Remark 4.11. In the special case where dime (AT) G N, treated in detail in pof , 
we also considered at length the case where H and Hp (respectively, Hk) were 
relatively prime operators with respect to H . In this case the limiting behavior of 
M{z) as A I — oo (respectively, A t 0) crucially entered the corresponding results 
in Theorems 7.5-7.7 of |30|. These limits are given in terms of Re((Pi^2(*)|_/v'+)~^) 
(cf. ( 4.15| )) identifying Hi — H, H2 ^ Hp or Hk , etc. In the present infinite- 



dimensional case, (Pi,2(*) 



exists if Hi and H2 are relatively prime with 



respect to H. However, (Pi,2(i)|jv ) ^ is not necessarily a bounded operator in 
Af+. In fact, 



Im((Fi,2(i) 
Re((Pi,2(i) 



)-') = -/a^+, (4.112) 
e B{M+) if and only if ran(Pi,2(j)) = (4.113) 



as shown in Lemma 2 of [ p8| . This complicates matters since now the limits of 
M(A) as A J, — cxD (or A f 0) may exist but possibly represent unbounded self- 
adjoint operators in and thus convergence of M(A) as A J. -co (or A t 0) in 
these cases is understood in the strong resolvent sense. A detailed treatment of this 
topic goes beyond the scope of this paper and is thus postponed. 

Theorem 4.12. Suppose Me e AfoiAf), 1=1,2 and Mi ^ M2. Then Mi and M2 
can be realized as 

Miiz) = V*{zIx^ + il + z^)P;^^iHi-z)-'P^^\j^^)V, ^ = 1,2, zgC\K, 

(4.114) 
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where Hi, £ — 1,2 are distinct self-adjoint extensions of one and the same densely 
defined closed symmetric operator H with deficiency subspaces J\f± in some separable 
complex Hilbert space TL, and V denotes a unitary operator from M to 7\/+, if and 
only if, 

M2{z) = e"*"(cos(a) + sin(a)Afi(0))(sm(a) - cos{a)Mi{z))-^e"^ , z e C\M 

(4.115) 

for some self-adjoint operator a in Af. 

Proof. Assuming (4.114), ( 4.115| ) is clear from (4.30). Conversely, assume (4.115). 
By Theorem 4.13| (i), we may realize Mi(z) as 

Mi{z) = V*{zI^^ + il + z^)P^^{Hi-z)~^P^^\j^^)V, zeC\R. (4.116) 

li H Hi is another self-adjoint extension of H we introduce 

M{z) = V*izI^^ + il + z^)P^f^{H-z)-'P^f^\ )V, zeC\R, (4.117) 



z G 



and infer from Theorem 4.3 , 

M(z) = e"*"(cos(a) + sin(5)Mi(z))(sin(5) - cos(5)Mi(z))-ie*' 

(4.118) 

for some 5 = 5* in J\f. 

Since {Hi — z){Hi ±i)^^ arc bounded and boundedly invertible, Pi. 2(2) in (4.4) 
uniquely characterizes all self-adjoint extensions H2 ^ Hi of II. Moreover, by 
(^^)-(4.7) and von Neumann's representation of self-adjoint extensions in terms 
of Cayley transforms, all self-adjoint extensions H2 ^ Hi oi H are in a bijective 
correspondence to all self-adjoint (possibly miboimded) operators ai^2 {cti,2 7^ 7''/2) 
in A/+. Hence we may choose H such that a equals a in (4.115) implying M{z) = 
M2{z). ' □ 

We conclude with a result on analytic continuations of general Herglotz oper- 
ators from C+ into a subset of C- through an interval of the real line, which is 
independent of our emphasis of perturbation problems in Section ^ and self-adjoint 
extensions in the present Section ^ As is well-known, the usual convention for 
Ml ' '■ 



by means of reflection as in ( |l.4| ), in general, does not represent the ana- 
lytic continuation of . The following result is an adaptation of a theorem of 
Greenstein for scalar Herglotz functions to the present operator- valued context. 

Lemma 4.13. Let K, be a separable complex Hilbert space and M be a Herglotz 
operator in JC with representation ( 1 . 1 ) -(|L3|) . Suppose that the operator Stieltjes 
integral in (1.1) converges in the strong operator topology of K, and let (Ai, A2) C R, 
Ai < A2. Then a necessary condition for M to have an analytic continuation 
from C+ into a subset of C- through the interval (Ai,A2) is that for all ^ G /C, 
the associated scalar measures uj^ — {(,,^^)k. 0,^^ purely absolutely continuous on 
('^11-^2); \ ) ~ (^5|(A A ))ac' '^^^ corresponding density uj'^ > of cu^ is 

real-analytic on (Ai, A2). If JC is finite- dimensional, this condition is also sufficient. 
If M has such an analytic continuation into some domain V- C C_, then it is given 
by 



M{z) = M{z)* + 2Trin'{z), z G D_ 



(4.119) 



30 



GESZTESY, KALTON, MAKAROV, AND TSEKANOVSKII 



where {z) denotes the complex- analytic extension offl'{X) for A G (Ai,A2). In 
particular, M can be analytically continued through (Ai,A2) by reflection, that is, 
M{z) = M(z)* for all z € C_ if fl has no support in (Ai, A2). 

Proof. Suppose M has an analytic continuation from C+ into a subset of C_ 
through the interval (Ai,A2). Then for all £ JC, Greenstein's result |^ ap- 
plies to the scalar Herglotz function m^{z) = M{z)£_)ic, ^ G /C associated to 
the measure uj^ = Consequently, has an analytic continuation from 

C+ into a subset of C_ through the interval (Ai,A2) if and only if the associ- 
ated scalar measure = {^,Q£,)ic is purely absolutely continuous on (Ai,A2), 
A2) ~ (^?l(Ai A,))ac' ^'^^ ^^"^ corresponding density > of ui^ is real- 
analytic on (Ai, A2). In this case the analytic continuation of into some domain 
2?__j C C_ is given by 

m^{z) = m^{z)* + 2TTiLu'^{z), zeV^^^, (4.120) 

where uj'^{z) denotes the complex-analytic extension of ^^'^(A) for A G (Ai, A2). This 
can be seen as follows; If rrix can be analytically continued through (Ai,A2) into 
some region C C_, then m^{z) :— m^{z) — TTiuj'^(z) is real-analytic on (Ai, A2) 
and hence can be continued through (Ai, A2) by reflection. Similarly, u^z), being 



real-analytic, can be continued through (Ai, A2) by reflection. Hence (4.120) follows 
from 



m^{z) — TTiu!'^{z) — m^(z) — m^{z) — m^{z) + niiu'^^z), z G (4.121) 

Applying a standard polarization argument, we obtain that the analytic continu- 
ation of mj ^{z) = (^, M{z)r])jc, ^,r] G K. into some domain 2?_ j C C_ is given 

by ' 

'^i,r,{z) = TO5,^(z)* + 27rzu;^ ,^(z), z G T^-^^^r,, (4.122) 

where ^{z) = (^, il'{z) ri)ic is related to uj'^^^{z) and w'^^^^{z) by polarization. In 
particular, if M{z) has such an analytic continuation through the interval (Ai, A2) 
it is necessarily of the form stated in ( |4.119| ). If dimc(/C) < c», then (4.120) and 



( 4.12]| ) yield the weak and hence S(/C)-analytic continuation of M through the 



interval (Ai, A2). □ 



Formula ( 4.119 ) shows that any possible singularity behavior of Af | is determined 
by that of ^'\^ since M, being Herglotz, has no singularities in C_|_. Moreover, an- 
alytic continuations through different intervals on R in general, will lead to different 
n'{z) and hence to branch cuts of Mj^ . 

5. One-Dimensional Applications 

In our flnal section we consider concrete applications of the formalism of Sec- 
tion || in the special case dimc(A/'+) ~ 1. We study Schrodinger operators on a half- 
line, compare the corresponding Donoghue and Weyl-Titchmarsh m- functions, and 
prove some estimates on linear functionals associated with these Schrodinger oper- 



ators. We conclude with two illustrations of Livsic's result 44 1 on quasi- hermitian 
extensions in the special case of densely deflned closed prime symmetric operators 
with deflciency indices (1,1) in connection with flrst-order differential expressions 
—id/dx. 
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First we specialize some of the abstract material in Section ^ to the case of a 
densely defined closed prime symmetric operator 77 in a separable complex Hilbert 
space Ti with deficiency indices (1,1)- This case has been studied in detail by 
Donoghue ||2^ (see also |Q) and we partly follow his analysis. 

Choose u± S ker(i?* =p i) with ||u±||-h — 1 and introduce the one-parameter 
family H^, a S [0, tt) of self-adjoint extensions H in TL by 

HM + c{u+ + e2*"u_)) ^Hf + c{iu+ - ie^"^u^), 

dom(i7„) = {{f + c{u+ + e^"^u_)) G dom(ij*) | / e dom(i7), c G C}, a £ [0,7r). 

(5.1) 

Let {£^H„(A)}AeR be the family of orthogonal spectral projections of and sup- 
pose that Ha has simple spectrum for one (and hence for all) a £ [0, tt). (This 
is equivalent to the assumption that H is a prime symmetric operator and also 
equivalent to the fact that u+ is a cyclic vector for Ha for all a S [0,7r).) Next 

we introduce the model representation {Ha, Ha) for {H,Ha) discussed in ( [4.32 )- 



(4.37), Theorem 4.4, and Theorem 4.6. However, since in the present context A/+ 
is a one-dimensional subspace of Ti., 

J\f+ — hn.span{ii+}, (5.2) 

the model Hilbert space Tia = L'^{R,N+]dQ,H^,j\f+), a E [0,7r) with the operator 
(in fact, rank-one) valued measure i^H^,^^+, 

^H^,^f+{>>■) ^ i^aWPAr+W+, Pa/-_^ = (m+, •)""+, (5.3) 

c^a(A) = {1 + X^)\\EhA>^>+\\h, « e [0,^), 

can be replaced by the model space TCa — i^(M; dwa) with scalar measure w^. In 
particular, ti^Q(A) can be taken as the control measure in this special case and 

f = {/(A) = fWu+}xeR ^ Vf = f = {f{\)}xm (5.4) 

represents the corresponding unitary operator from Ha = (R, M+ ; dVLu^ ,N'+ ) 
to Tia = L'^{]^\du)a)- Hence we translate in the following some of the results of 



Theorems 4.4 and 4.6 from TLa to Tia. However, due to the trivial nature of the 



unitary operator V in (5.4), wc will ignore this additional isomorphism and simply 
keep using our ^-notation of Section ^ instead of the new ~-notation. Thus, we 
consider the model Hilbert space Tia = L'^(^\du)a), a G [0,7r), where 

uja{X) = (I + X^)\\EHA^>+\\n, ae[Q,7T), (5.5) 

dwc«(A)(l + A^)-! = 1, /dcj„(A) = oo, ae[0,7r) (5.6) 



and define in Tia the self-adjoint operator Ha, 

{Haf){X) ^ Xf{X), f edom{Ha)^L^R;{l + X^)duJa) (5.7) 
and its densely defined and closed restriction Ha, 

dom{Ha)^{f edom{Ha)\Idua{X)f{X)^0}, 1„ - ^aL y (5.8) 



32 



GESZTESY, KALTON, MAKAROV, AND TSEKANOVSKII 



Then 



ker{H - z) = {c(- - z)-^ G 7i„ | c G C} (5.9) 

and the pair (H,Ha) in Ti is unitarily equivalent to the pair (Ha, Ha) in Tia 
(cf. Theorem 4.6). This representation of {H,Ha) in terms of {Ha, Ha) has the 
advantage of very simple definitions of Ha and Ha, however, one has to pay a price 

since different Ha , Ha act in different Hilbert spaces Ha ■ Hence it is desirable to 
determine the expression for all Ha, a G [0, tt) in connection with one fixed a say, 
ao G [0,7r), in the corresponding fixed Hilbert space Hao = L'^i^', d^ag) we 
turn our attention to this task next. 



Lemma 5.1. Fix aa G [0,7r) and define 

Van ■ "H, 



ao • -ao ^ / ^ UcJ = s-lim / d{EH^^ Wu+){\ - i)/(A). (5.f 0) 



N 
N 



Then Uao is a unitary operator from Tiao ^'^ ^ '^'^'^ 

H UaoHaoUag, Hag = UaoHagUag ■ (5-lf) 

Moreover, 

«+(A) = (C/a->+)(A) = (A-z)-i, (5.f2) 
U-W = iUaoU-)W = -e-^"'"i\ + i)~\ AgK, (5.f3) 

and hence 

{U-^liu+ + e2''"u_))(A) = 22e*("-"°)(l + A2)-i(-Asin(a - ao) + cos(a - ao)), 

a G [0,7r), A G M. (5.f4) 

Proof ( ^.fOD and (|Tf]) have been discussed in Theorem [4.6| , ( [5.f 2D is clear from 
(|T^). From 

(5.f5) 
(5.16) 

(5.17) 



UaoHc.,{u+ + e2'""M_) = Ua^H*{u+ + e2'""«_) = iu+ - ze2'"oy_ 
i7a„(u+ +e2^"«u_) = A(m+ +e2'""M_), 



and (5.12) one infers 

i{\ - i)-i - ie2*"°M_(A) = A(A - i)-^ + e2*"''Au_(A) 

and hence ( ^.13| ). Equation ( 5.14 ) then immediately follows from ( ^.12 ) and ( 5.13 ). 

□ 



Equation (5.14) confirms the fact that any two different self-adjoint extensions 
of H are relatively prime 

dom(iJ„) ndom(iJ^) dom(ij), a,/3G[0,7r), a ^ (3 (5.18) 
since /jj dijja„ (A) — oo and hence 

duJaoW>^'^\Uaoiu+ + e2*"M_)(A)|2 = OO for aU a ^ ao. (5.19) 
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This is of course an artifact of our special hypothesis dei{H) = (1, 1). 



Next, consider the normalized element (cf. (5.14) for a — Uq) 
ga<E{kei-{H -i)+kcr{H + i)) D dom{Ha), 

-1/2 



9»W 



2\-2 



(l + A^)-\ llff.lU =1 



(5.20) 



Then 



dom(i?Q,) — lin.span{5Q}+dom(iJQ) (5.21) 

by von Neumann's theory of self-adjoint extensions of symmetric operators (cf., 

e.g., Il, Ch. VII, Hi, Sect. II.4, ||, Sect. 14, ||, Sect. X.l, |6§) and we may 
consider the linear functional on dom(i?Q,) defined by 

Ig^ : dom(ij„) ^ C, Ig^ if) - c, (5.22) 

where 

/ e dom(if„), / ^cga + K he dom(ij„). (5.23) 



Lemma 5.2. Let a G [0,7r). Then 



sup 

/edom(_ffo 



2\-2 



Proof. By (|5.6| ) and ( ^.8[) one computes 



doj^{\)f{\)^c dua.{X)g^{X)^£gM){ / dLu^{X)il + X') 



\2\-2 



-1/2 



and hence the Cauchy-Schwarz inequality applied to 

1/2 



d^„(A)/(A) 



< 



dL^„(A)(l + A^)|/(A)| 



du;„(A)(l + A^) 



2\-l 



yields 



\hAf)\ 



< / rftj„(A)(l + A")- 



(5.24) 



(5.25) 



1/2 



(5.26) 



(5.27) 



Since inequality ( ^.27|) saturates for /o(A) = (1 + A^) \ /o G dom(i/c<), ( |5.24| ) is 
proved. □ 

Introducing the Donoghue-type m-function 

mf (z) = / rfcj„(A)((A - z)-' - A(l + A^)-!), a e [0, ^), zeC+, (5.28) 



the analog of (|4.17| ), one can prove the following result. 
Lemma 5.3. (Donoghue |23].) 
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Next we turn to Schrodinger operator on the half-line [0, oo). Let q G -^^^([0, R]) 
for all R > 0, q real- valued and introduce the fundamental system (j)~f{z^ x), 9^{z, x), 
z G C of solutions of 

-i{)"{z, x) + {q{x) - z)%l;{z, x) = 0, a; > (5.30) 

(' denotes d/dx) satisfying 

</)^(^,O+) = -0;(z,O+) = -sin(7), (/.;(z,0+) =0^(z,O+) = cos(7), 7e[0,7r). 

(5.31) 

Assuming that + g is in the limit point case at oo, let ip^iz, x) be the unique 

solution of ( 5.30| ) satisfying 

ip^iz, •) e L^{[0, oo);dx), sin(7)V'!^(z, 0+) -I- cos(7)V'7(^, 0+) = 1, (5.32) 

7e [0,7r), ZGC+. 

Then 'ipy{z, x) is of the form (see, e.g., the discussion of Weyl's theory in Appendix A 
of H) 

^-y{z,x) = 9^{z,x) + {z)(/)^{z,x), 7G[0,7r), 2 G C+, (5.33) 

where m}^ {z) denotes the Weyl-Titchmarsh m-function j6^, Chs. II, III, |^ (as 
opposed to Donoghue's m-function jn^(z) in ( 5.2^ )) corresponding to the operator 
in i^([0, 00); dx) defined by 

iH^f){x) = ~f"{x) + q{x)f{x), X > 0, 

/ G Aom{H^) = {g G {[Q, 00) ■,dx)\g,g' G AC{[Q,R]) for all i? > 0; (5.34) 
sin(7)5'(0+) + cos(7)5(0+) = 0; -g" + qg G ^^([o, 00); dx)}, 7 G [0, vr). 

The family H^, 7 G [0, tt) represents all self-adjoint extensions of the densely defined 
closed prime symmetric operator H in iv^([0, oo); dx) of deficiency indices (1, 1), 

{Hf){x) = -f"{x)+q{x)f{x), x>0, 

/ G dom(if^) = {g G {[Q, 00)] dx))\g,g' G AC{[Q,R]) for aU i? > 0; (5.35) 

.g'(0+) - ,g(0+) - 0; -g" + qg G ^^([o, ^); dx)}. 

(Here AC([a, h]) denotes the set of absolutely continuous functions on [a, h].) Weyl's 
m-function is a Herglotz function with representation 

fc. + /«^<(A)((A - .)- - A(l + A^)-), 7 e [0,.), 
\cot(7)+/Rd<(A)(A-z)-\ 7e(0,7r), ^ ^ 

for some c-y G M, where 

du:^{X){l + \X\)-^h^^ (5.37) 
I = 00, 7 = 0. 

Moreover, one can prove the following result. 

Lemma 5.4. (See, e.g., Aronszajn Sect. 2.5.) 

— sin((5 — 7) + cos((5 — 7)m5^(z) 

mf{z) = A '1-—^ TTFtV' '5,7e[0,7r), ZGC+. (5.38) 

cos((3 — 7) -f sm(() — 7)TOr; (z) 
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Moreover, 



izi/2 + o(l), 7 = 0. 



(5.39) 



In the following we denote by Ha in i^([0, oo); dx) the Schrodinger operator on 
[0, oo) defined as in (5.1) but with H replaced by H in (5.35). The connection 
between Ha and H^ and to^(z) and m}^ (z) is then determined as follows. 

Theorem 5.5. Suppose j{a) G [0,7r) satisfies 

cot(7(a)) = -Re{m^{i)) - lm{m^ (i)) tan(a), a e [0, n). (5.40) 

Then 

Ha^H^ia), aG[0,7r). (5.41) 

and 

= - Re(m^„)(*))/Im(m^„)(*)), a G [0,^), z G C+. (5.42) 

Proof. Since ip^lzjx) are just constant multiples of ipQ(z,x), it suffices to focus on 
'iPq{z,x). In order to prove dslll ), subject to ( ^ ), we need 



= ||V'o(j)l 



L2([o,oo) 



;d,)V'o(«) + IIV'o(-»)|li2([o,oo);d.)e''"V'o(-0 e dom(i/„) 



(5.43) 
(5.44) 
(5.45) 



according to (xl) and the fact (cf. (|5.32| )) 

U± = ||V'0(±«)|IZ2([0,oo);d.)'^0(±«)- 

Since it is known (see, e.g., Sect. 9.2, (27), Sect. 2.2) that 

IV'7(^)lli2([o,oo);dx) = Im(m^(z))/Im(z), z G 

one obtains from ( |5.52| ) and ( |5.33| ) 

- cot(7(«)) = ^'a{Q+)/Va{Q+) = (1 + e2»)-l(mS^(^) + e^^^mf{~i)), (5.46) 

which yields ( 5.40| ) and at the same time proves (5.41). By (5.28) and ( p.36| ), 

TOf(z) = A,TO^„)(2) + B„, aG[0,^), ZGC+ (5.47) 

for some Aa > and Ba G M. The fact 

m^{i) = i, aG[0,7r) (5.48) 

(use (4^) or combi ne th e normalization J^duJa{X){l + A^)^^ — 1 with ( ^.28 )) 
immediately yields ( 5.42 ). □ 

Corollary 5.6. Assume in addition that H > 0. Then the Friedrichs extension 
Hp of H corresponds to 

a = ap ~ 7r/2 and 7 = 7^? = (5.49) 

and the Krein extension Hk of H corresponds to 

tan(a) — tan(Qx) ~ ™^/2(0-) '^'^^ cot(7) = cot(7x) = — rnS^(O-) (5.50) 

in (5T) and ( 5.34 ). The right-hand sides in ( ^.50 ) are simultaneously infinite if 
and only if Hp = Hk ■ 
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Proof. Since linui-oo ^^^(A) = -oo by ^A^ ) follows from Corollary ^(i). 

Similarly, ( 5.50| ) follows from ( 5.38| ) (replacing (5—^7 and 7-^0) and Corollary 
(ii). □ 



Finally we return to the functional £g^ in (5.22) and establish its properties in 
connection with the Schrodingcr operator Hj on [0, 00). 

Lemma 5.7. Define cja by 

f/a'5a = ||^o(0 + e2^"V^o(-*))|IZ'([ooo).<i.)('/'o(0 + e'"V'o(-*)), aG [0,^). 

(5.51) 

Then 

^ ('(2zIm(mS^(z)))-i||^o(i)-^o(-«)||L^([o,oo);rf.)(C/,72/)'(0+)' « = f ' 

\(1 + e2-)-i 1 1^-0(1) + e2-^o(-»)||L^([o,oo);dx)(C/a V')(0+), a £ [0,^)\{f }, 

/ e dom(if„). (5.52) 

Proof. By ^A^j ) and (|1|), 

i/'o(i) + e'^"Vo(-i) Gdom(F«). 

Hence 

/ = c\\Mi) + e''"V'o(-*)|IZ2([o,oo);d.)(V'o(i) + e'^'^M-i)) + K (5.53) 

/ e dom(i7„), e dom(ij) 

and 

^5„(./)=c, /edom(i7„). (5.54) 

Since by 

/i'(0+) = /i(0+) = 0, (5.55) 

one computes in the case a = 7r/2 

/'(0+) = c\\M^) - M-i)\rJao..ooyA.)i^oihO+) - ^o(-^o+)) 

= c||^o(*) - ^o(-*)|IZ2([o,oo);d.)2*M"^o'^(*)), / e dom(i7,/2) (5.56) 

using ( 5.31 ) and ( 5.33 ). Similarly, for a E [0, 7r)\{7r/2} one computes 

/(0+)-c||^o(*)+e2'>o(-*)|IZ2([o,oo);d.)(^o(*,0+) + e2"Vo(-*,0+)) 

= c\\M^) + e^'>o(-^)|IZ.\[o,oo);rf.)(l + ^'n, (5.57) 

/ e dom(77,/2), ae [0,^)\W2}, 



s ince ipoi^, 0+ ) = 1 , z G 
( ^ ) proves ( |5^ . 



(|3l]) and d^l). Combining ( ^^ and (|^, 



□ 



Lemmas 5^ and then yield the principal result of this section 
Theorem 5.8. Let a G [0,7r). Then 

l/'(0+)P 



sup 



/edom( 



(ff„/2) \ll/llL2([o,oo);<ia;) + W ^ / 2 f 1112 

,oo);c/a;) 



Im(m7(i)), (5.58) 



sup 
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l/(0+)|^ 



COS^(q:) 

/GdomTff„) \.\\f\\l2([0,ooy,dx) + \\Ha.f\\l2([o,^y,dx)J MmJ^ (l)) 



(5.59) 



Proof. Consider a ~ 7r/2 first. Then Lemma 5.2 combined with (5.11), (5.44), and 
( P^ ) yields 

l/'(0+)P 



/Gdom(ff„/2) Vll/lll,2([0,oo);da;) + I l^7r/2/l li2([o 

,oo);dx) 

4|Im(m^(i))|2 



ll^0(j)lli2([0,oo);d.)ll"+ - "-Ili2([0,oo);d.) 



dtj^/2(A)(l + A 



2n-2 



Since 



|U+ - M-||L2([0,oo):d2;) 



= ||U+-U„||2^ =4/ d^^/2(l+A2)-2 



(5.60) 



(5.61) 



by (5.12) (taking ao — 7r/2) and 

ll^o(*)||i.([o,oo);d.)=M"ir«) (5.62) 

by (5.45), the right-han d si de of ( | 5.60|) co incide s with that in ( ^.58 ). Similarly, one 
computes from Lemma 5^, ( ^.11[ ), (|5'!44 ), and ( 5.52| ), 



sup 



l/(0+)|^ 



.oo):dx) 

4cos^(a) 

~ IIV'0(i)|li2([0,oo);rf.)ll"+ + e'*""-lli2([0,oo);rf.) 



duJa{X){l + X 



2\-2 



(5.63) 



Because of (5.62) and 



||u+ + e2-^*_||i2([o,oo);d.) = ll"+ + e''"^-ll^„ = 4 / d^„(A)(l + A2)-^ (5.64) 



( 5.63| ) coincides with ( 5.59| ). 

Remark 5.9. (i) In the special case q{x) = 0, x > one has 

mS^(z) = z(z)V2 



□ 



(5.65) 



(using the branch with lm((z)^/^) > 0, z £ C) and hence ( 5.58| ) yields 

/ foo \ 1/2 

|/'(0+)| <2-i/4(^y^ dx{\,f{x)\^ + \f"{x)\^j , /ei/o'''((0,oo)), (5.66) 

with 2^^/^ best possible and 

i7o'^((0, 00)) = {/ e L^{[0, oo);dx) \fj'e AC{[0, R]) for aU R > 0; 

/(0+) = 0; /, /" e L^[0, oG);dx)} (5.67) 

the familiar Sobolev space. 



(ii) Multiplying the two results (5.58) and (5.59) reveals the curious fact. 
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Finally, we conclude with two illustrations of a well-known result of Livsic 
on quasi-hermitian extensions in the special case of densely defined closed prime 
symmetric operators with deficiency indices (1, 1). 

Following Livsic p[ one defines a closed operator _ff to be a quasi-hermitian 
extension of a densely defined closed prime symmetric operator H with deficiency 
indices (1,1) if 

H ^H* (5.69) 

and H is not self-adjoint. 

A typical example of a quasi-hermitian extension is obtained as follows. 

Let T denote the following first-order differential operator on the interval [0, 2a], 
a > 0, 

{tf){x) = -if{x), ee(0,2a), 

/ e dom(T) = {ge L^{[0, 2a]) \ g £ AC{[0, 2a]); g{0+) = g(2a_) - 0; (5.70) 

g' e L^[0,2a])}. 

Then for p G C U {oo}, \p\ ^ 1 the operator Tp 
{Tpf)ix)^~tf{x), ee(0,2a), 

/ e dom(Tp) = {g e L^[0, 2a]) \ g e AC{[0, 2a]); 5(0+) = P.9(2a_); (5.71) 

g' e L\[0,2a])} 



is a quasi-hermitian extension of T. (Here p = cxd in (5.71), in obvious notation, 
denotes the boundary condition g{2a-) = 0.) Among all quasi-hermitian extensions 
of T there are two exceptional ones that have empty spectrum. In fact, the operator 
To corresponding to the value p = in ( 5.71 ) as well as its adjoint, Tq = Too, have 
empty spectra, that is, 

spec(To) = spec(roo) = 0. (5.72) 

The following theorem proven by Livsic in 1946 provides an interesting charac- 
terization of this example. 

Theorem 5.10. (Livsic p^.) For a densely defined closed prime symmetric oper- 
ator with deficiency indices (1,1) to be unitarily equivalent to the differentiation 
operator T in i^([0, 2a]) for some a > it is necessary and sufficient that it admits 
a quasi-hermitian extension with empty spectrum. 

Using Livsic 's result we are able to characterize the model representation for 
the pair (H^H), where H is a densely defined prime closed symmetric operator 
with deficiency indices (1,1) which admits a quasi-hermitian extension with empty 
spectrum, and H a self-adjoint extension of H . 

Theorem 5.11. Let lu be a Borel measure on R such that 

f^-1, ^MA)=oo, (5.73) 

H the self-adjoint operator of multiplication by A in L'^{M;duj), 

{Hf){X) = \f{X), f edom{H)=L^{R;{l + X'^)duj). (5.74) 
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Define H to be the densely defined closed prime symmetric restriction of H , 



H = H 



dom(H)' 



doni(ij) = {/ e dom{H) \ / dcj(A)/(A) = 0} 



(5.75) 



with deficiency indices (1,1). Then H admits a quasi-hermitian extension with 
empty spectrum if and only if for some a > and some a G [0, tt) the following 
representation holds 

d^imz A)-i - A(l + A^)-!) = ^in(a) -cos(a)(cotM/coth(a)) 

^ '^^ ' ^ ' ' cos(a) +sin(a)(cot(az)/coth(a)) ^ ' 

z £ C\R. 

In this case the measure u is a pure point measure, 
_ coth(a)(l + cot2(Q:)) 
a(l +cot^(Q:) coth'^(a)) 

with mass one an 



^)/a}, 



(5.77) 



where ^i^x} denotes the Dirac measure supported at ^ G 
f3 — (3{a, a) S [0, tt) is the solution of the equation 

cot(/9) + cot(Q;) coth(a) = 1 i/ a G (0, tt) and (3 = if a = 0. 



(5.78) 



Moreover, the self-adjoint operator H given by (5.74) is unitarily equivalent to the 
differentiation operator Tp in (5.71) with 

p = e^'^. (5.79) 

Proof. That _ff is a densely defined closed prime symmetric operator with deficiency 
indices (1, 1) is proven in p5|. By Livsic's theorem, Theorem 5.10|, the pair {H, H) is 



unitarily equivalent to the pair (T, Tp), where T is the operator ( p.7C ) in i^([0, 2a]) 
for some a > and Tp is some self-adjoi nt ex tension of T given by ( 5.7l| ) for some 
p, \p\ = 1. By (U) and ( p7| ) (cf. also (^^ ) we conclude 

m^^(z)= J da)(A)((z-A)-i -A(1 + A2)-1) (5.80) 

= z + {l + z'^){u+, {Tp - z)"^?i+)L2(R.rf^), (5.81) 
u+ e ker(T* - i), \\u+\\L2(R.duj) = 1, 

where to;^^(z) denotes the Donoghue Weyl m-function of the operator Tp. 

Let T be the self-adjoint extension of T corresponding to periodic boundary con- 
ditions, 

dom(f ) = {g e L^iiO, 2a]) \ g £ AC([0, 2a]); 5(0+) = g{2a-); g' G ^^([0, 2a])}. 

(5.82) 



By Lemma 5.3 there exists an a G [0,7r) such that 

sin(Q!) ^ cos{a)m^{z) 
mrp iz) 



cos 



(a) — sin(Q;)r7i^?(2;) ' 



(5.83) 



where mj?(z) is the Donoghue Weyl m-function of the extension T 



m|?(z) = Z + (1 + z2)(u+, (T - Z) ^U+)L2(^[o^2a];dx), Z G C\I 



(5.84) 
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The assertion ( 3.7(]| ) then foUows from the fact 

cot{az) 



m%{z) 



coth(a) 



(5.85) 



Next we prove ( 5.85 ). First, we note that the resolvent of the operator T can be 
exphcitly computed as 

c2a 



'f{t)dt - 



1 



r)2iza 



'f{t)dt 



z € 



(5.86) 



Next we calculate the quadratic form of the resolvent of T on the element m+ (x) 
2i/2(i _ e~^'^)~^/^ exp{—x) generating ker(r* — i). By (5.86) we have 



{{T-z)-WK^) 
and therefore, 



21/2(1 



-4a\-l/2 



2(1 



-2a 



)(1 



r^2iaz — 2a \ 



[iz - 1)(1 - e-4a)(i - 62^"^^) 



(5.87) 



(5.88) 



Equations (5.84) and (fS.8^) then prove (5.85) 



In order to prove (5.77) we note that the right-hand side of (5.76) is a periodic 
Herglotz function with period it /a. Such Herglotz functions have simple poles at 
the points {{13 + 7rn)/a}„gz with residues 

'sin(a) — cos(Q;)(cot(az)/ coth(a)) ' 



(5.89) 



Res 

={I3+Trn) / a\cos{a) + sin(Q!) (cot (oz)/ coth(a) ) 
coth(a)(l + cot2(a)) 



a(l + coi^{a) coth (a)) 



proving ( 5.77 ). 

The last assertion of the theorem follows from the fact that the support of the 
measure lo coincides with the spectrum of H and therefore with the one of the 
operator Tp which is unitarily equivalent to H. The spectrum of the self-adjoint 
operator Tp can explicitly be computed as 



1 TT 

spec(rp) = {— argp+ -n}, 
Za a 



Since the sets (5.90) and supp(cj) coincide we conclude (5.77). 



(5.90) 
□ 



Remark 5.12. We note that the weak limit as a — > oo of the measures lo = to (a, a) 
(with a fixed) given by ( 5.77 ) coincides with n^^dX, where dX denotes the Lebesgue 
measure on M. 

The next result shows that this limiting case dto = n^^dX is also rather exotic. 
Theorem 5.13. Let lo he a Borel measure on R such that 

dLuiX) 



1, 



du!{X) = oo, 



1 + A2 

H the self-adjoint operator of multiplication by X in L'^{R;duj), 

{Hf){X) = A/(A), / e dom(i7) = L^{R; (1 + A^)^^^). 



(5.91) 
(5.92) 
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Define H to be the densely defined closed prime symmetric restriction of H , 

^ = ^ldom(m' dom(ij) = {/ G dom(i/) I / /(A)d^(A) - 0}, (5.93) 

with deficiency indices (1, 1). Then H admits a quasi-hermitian extension with pure 
point spectrum the open upper (lower) half-plane and spectrum the closed upper 
(lower) half-plane if and only if the following representation holds, 

rf^A)((z-Ar-A(l + Ar^) = |\ (5.94) 

I —I, im(z) < 0. 

In this case 

duj = TT^^dA. (5.95) 

Proof. The setup in ( |5.9l| )-( p.93 ) is identical to that in Theorem 5.11 and hence 
needs no further comments. The fact that H is unitarily equivalent to the differ- 
entiation operator T acting in (R; dx) , 

{tf){x)^^if'{x), eeM, 

/ e dom(T) = {g e L^{R; dx)\g e AC(M); g(0) = 0; g' £ ^^(R; dx)} (5.96) 

goes back to Livsic (see, e.g., Appendix 1.5 in [^). In fact, the quasi-hermitian 
extension T of T defined by 

(T/)(x) = -z/'(x), eeR\{0}, (5.97) 
/ e dom(T) = {g e L^{R; dx) \ g e AC{[-R, 0]) U AC([0, R]) for aU R > 0; 

g(0_) = 0; g' eL^{R;dx)}. 

(and its adjoint T* with corresponding boundary condition g{0+) — 0) has spectrum 
the closed upper (lower) half-plane with pure point spectrum the open upper (lower) 
half-plane, respectively. This is easily verified from an alternative expression for T 
given by 

T = r_ ® r+ in L^{R;dx) = L^{{-oo,0];dx) ® L^{[0,oo);dx), (5.98) 

where 

(T_/)(x) - -if'ix), x<0, (5.99) 
/ e dom(T_) = {ge L^{{~oo,0];dx)\g e AC{[-R,0]) for all i? > 0; 

g{0^) = 0;g' eL^{i-(x,,0];dx)}, 
(T+/)(x) = -*/'(x), x>0, (5.100) 
/ e dom(T+) ^{ge {[0,oo) ;dx)\g £ AC{[0,R]) for all i? > 0; 

g' €L\[0,^);dx)}. 

The explicit expressions for the resolvents of T_ and T+ (see, e.g., [Q, Example 
III. 6. 9) then show that both operators have spectrum the closed upper half-plane, 
that is, 

spec(r_) = spcc(r+) = C7. (5.101) 
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Together with the aforementioned result of Livsic, this shows that the pair {H, H) 
is unitarily equivalent to the pair (T,Tp), where Tp, \p\ = 1 is some self-adjoint 
extension of T in dx), 

{Tpf){x) = -if'ix), e e M\{0}, IpI = 1, (5.102) 

/ e dom{Tp) ^{ge L^{R; dx)\ge AC{[-R, 0]) U AC{[0, R]) for all i? > 0; 

ff(0_)=pg(0+);5'eL2(M;dx)}. 



Since the pair (T, Ti ) is unitarily equivalent to the model pair iH,H) in ( p2| ) 



and (5.93) (it sufhees applying the Fourier transform), where duj = n^^dX, we can 
immediately compute the Donoghue Weyl m-function (z) of the self-adjoint 
extension Ti, 

<(z) = i / dX{{z A)-i - A(l + A^)-!) = h . > 'J' (5.103) 

TT l^-i, lm(z) < 0. 

Since 

, . sin(a) -I- cos(q;)(±z) ^ r„ - 

±1= — . ) , ' for all a e 0,7r), (5.104) 

cos(q!) — sm(Q)(±i) 

Lemma 5.3 implies that the Donoghue Weyl m-function mif! (z) of the extension 



Tp is independent of p, \p\ — 1 and hence my^(z) — m^{z). Therefore, the model 



represent ation for the p air { T,Tp) is given by (^.91 )-( 5.93 ) with duj = tt ^dX 



proving ( p.95[ ). Finally, ( |5.94| ) follows from ( |5.103| ). □ 
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